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THE VIBRATIONAL PROPERTIES OF BRANCHED  
TORSIONAL SYSTEM S HAVING ONE, OR MORE, 
BRANCH POINTS

Dr. B. Dawson* and J. M. Sidwell*

T h is  p a p e r  p re se n ts  th e  g e n e ra l p ro p e rt ie s  o f  th e  n a tu r a l fre q u e n c ie s  a n d  n o rm a l e la s t ic  
c u rv e s  o f  m u lt i- ro to r , b ra n c h e d  to rs io n a l sy s te m s h a v in g  o n e  o r  tw o  b ra n c h  p o in ts . T h e  
re la t io n s h ip  b e tw e e n  th e  n a tu ra l fre q u e n c ie s  o f  th e  sy s te m  an d  th e  n a tu r a l fre q u e n c ie s  o f  th e  
in d iv id u a l b ra n c h e s  w h e n  th e  b ra n c h  p o in ts  a re  c la m p e d  is  s h o w n . T h e  c h a ra c te r is t ic s  a re  
i l lu s t ra te d  b y  a  n u m b e r  o f  sy n th e s iz e d  e x a m p le s , w h ic h  h a v e  been  s p e c if ic a l ly  ch o se n  to  
e x h ib it  th e  g e n e ra l p ro p e rt ie s  o f  b ra n c h e d  sy s te m s .

1.0 INTRODUCTION 
T h e  d e s ig n  o f  m a r in e  p ro p u ls io n  u n it s  o fte n  n e ce ss ita te s  th e  

d e te rm in a t io n  o f  th e  n a tu r a l fre q u e n c ie s  a n d  n o rm a l e la s t ic  
c u rv e s  o f  b ra n c h e d  sy s te m s  w h ic h  h a v e  a  s in g le  b ra n c h  p o in t  an d  
a  n u m b e r  o f  m u lt i- ro t o r  b ra n c h e s  o r ig in a t in g  f ro m  th is  p o in t .(1> 
W h e n  th re e  o r  m o re  o f  th e se  b ra n c h e s  a re  s im ila r ,  o r  h a v e  a  
n u m b e r  o f  n a t u r a l  f re q u e n c ie s  in  c o m m o n , m u lt ip le  n a tu ra l 
fre q u e n c ie s  o f  th e  sy s te m  o c c u r , w h ic h  a ffe c ts  th e  d is t r ib u t io n  o f  
th e  n a t u r a l  f re q u e n c ie s  a n d  w h ic h  m a y  a ls o  c a u se  d if f ic u lt y  w h e n  
u s in g  c e r ta in  c o m p u ta t io n a l ro u t in e s .

I n  o rd e r  to  o p t im iz e  o n  a  s p e c if ic  d e s ig n  th a t  w i l l  a v o id  
d a n g e ro u s  re so n a n c e s , a  d e s ig n e r re q u ire s  a n  a p p re c ia t io n  o f  th e  
v ib r a t io n a l p ro p e rt ie s  o f  b ra n c h e d  sy s te m s . I t  is  th e  o b je c t iv e  o f  
th is  p a p e r  to  h e lp  p ro v id e  th e  d e s ig n e r w it h  s u c h  a n  a p p re c ia t io n . 
T h e  g e n e ra l d is t r ib u t io n  o f  th e  n a t u r a l  f re q u e n c ie s  o f  b ra n c h e d
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sy s te m s  is  p re se n te d  f o r  sy s te m s  h a v in g  o n e  o r  tw o  b ra n c h  p o in ts . 
I t  is  s h o w n  th a t  f o r  s y s te m s  w it h  o n e  b ra n c h  p o in t  a n y  m u lt ip le  
n a t u r a l  fre q u e n c ie s  a re  e q u a l in  v a lu e  to  th e  re p e a te d  s im p le  
n a tu r a l fre q u e n c ie s  o f  th e  in d iv id u a l b ra n c h e s  w h e n  th e  b ra n c h  
p o in t  is  c la m p e d . I t  is  a ls o  s h o w n  th a t  a  b ra n c h  f re q u e n c y  w h ic h  
is  re p e a te d  r t im e s  w i l l  g iv e  r is e  to  a n  (/* — 1)  fo ld  m u lt ip le  
n a tu r a l f re q u e n c y  o f  th e  sy s te m .

F o r  sy s te m s  w it h  m o re  th a n  o n e  b ra n c h  p o in t  i t  is  c o n 
v e n ie n t  to  r e fe r  to  th e  a rm s  c o n n e c t in g  th e  b ra n c h  p o in ts  a s  
“ l in k s ”  a n d  th e  a rm s  h a v in g  o n e  e n d  c o n n e c te d  to  a  b ra n c h  p o in t  
a n d  th e  o th e r  e n d  f re e  a s  “ b ra n c h e s ” . T h e  g e n e ra l d is t r ib u t io n  
o f  th e  n a t u r a l  f re q u e n c ie s  f o r  s y s te m s w it h  tw o  b ra n c h  p o in ts  is  
p re se n te d . H o w e v e r , th e  r e la t io n s h ip  c o n c e rn in g  th e  d is t r ib u t io n  
o f  th e  n a tu r a l f re q u e n c ie s  is  n o t  so  e x p l ic i t  in  th is  ca se  a s  c o m 
p a re d  to  th e  c a se  o f  s in g le  b ra n c h  p o in t  sy s te m s . I t  is  s h o w n , 
h o w e v e r , th a t  b y  c o n s id e r in g  th e  sy s te m  a s  a  se t o f  su b sy s te m s  
w it h  e a c h  s u b sy s te m  h a v in g  o n ly  o n e  b r a n c h  p o in t , th e n  e a c h
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su b sy s te m  m a y  b e  tre a te d  in  tu rn  a s  a  s in g le  b ra n c h  p o in t  sy s te m  
a n d  in  th is  m a n n e r  a  m o re  e x p l ic i t  re la t io n s h ip  c o n c e rn in g  th e  
d is t r ib u t io n  o f  th e  n a t u r a l  fre q u e n c ie s  m a y  be  o b ta in e d .

I t  is  a ls o  sh o w n  th a t  th e  n u m b e r  o f  n o d e s  in  e a c h  b ra n c h  
a rm  m a y  be  in fe r re d  f r o m  a  k n o w le d g e  o f  th e  d is t r ib u t io n  o f  th e  
n a tu ra l f re q u e n c ie s  o f  th e  sy s te m  w it h  re sp e c t to  th e  in d iv id u a l 
b ra n c h  n a tu r a l fre q u e n c ie s .

2 .0  SINGLE BRANCH POINT SYSTEMS
T h e  to r s io n a l n a tu r a l fre q u e n c ie s  &>i o f  a  m u lt i- ro to r  

b ra n c h e d  sy s te m  w ith  o n e  b ra n c h  p o in t  a n d  a  n u m b e r  o f  b ra n c h e s  
a s  sh o w n  in  F ig .  1 a re  g iv e n  b y  th e  e ig e n va lu e s  o f :

A X  =  u 2B X (1)
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w h e re  e a c h  m a t r ix  Ai is  o f  th e  f o r m :
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r is  th e  n u m b e r  o f  ro to r s  in  th e  ; ,h b ra n c h  e x c lu d in g  th e  b ra n c h  
p o in t  ro t o r , a n d  h e n ce  k ri is  th e  b ra n c h  s h a ft  s t iffn e ss  a d jo in in g  
the b ra n c h  p o in t  o f  th e  b ra n c h . M a t r ix  B o f  e q u a t io n  (1 )  m a y  
be e xp re sse d  in  th e  p a rt it io n e d  f o r m :
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I t  is  p ro v e d (2) th a t  f o r  s u c h  sy s te m s  th e  fo llo w in g  r e la t io n 
s h ip  a p p lie s  b e tw e e n  th e  e ig e n v a lu e s  o f  th e  to ta l s y s te m  g iv e n  b y  
A X  =  i'B X  a n d  th o se  o f  th e  s u b s id ia ry  sy s te m s  g iv e n  b y  th e  
e q u a t io n s  Aix =  1B-,x, n a m e ly  th a t  i f  th e  v a lu e s  X i a re  a r ra n g e d  
in  a sc e n d in g  o rd e r  X i =% X2 ^  X3 . . . <  Xn, t a k in g  in to  a c c o u n t  
a n y  m u lt ip l ic it y  o f  e ig e n v a lu e s , th e n  th e  n e ig e n v a lu e s  X0'  . . . 
Xn_ i '  o f  th e  sy s te m  s a t is fy  th e  re la t io n s h ip .

(2)

w h e re  X  is  th e  c o lu m n  m a t r ix  o f  th e  a n g u la r  d isp la c e m e n ts  6j, 
B is  a  p o s it iv e  d ia g o n a l m a t r ix  o f  in e r t ia s  a n d  A is  a  s y m m e tr ic  
s t iffn e ss  m a t r ix  o f  th e  ty p e  s h o w n  o n  th e  p re v io u s  page .

E a c h  ro w  su m  a n d  c o lu m n  s u m  is  z e ro . A f t e r  p re m u lt ip ly in g  
b o th  s id e s  o f  e q u a t io n  (1 )  b y  B ~ i th e n  (B~'A — <j>2I)X = O 
w h e re  I  is  th e  u n it  m a t r i x :  i.e. M X  =  O  a n d  M  w i l l  be  o f  th e  
a b o v e  ty p e  w it h  e a c h  r o w  d iv id e d  b y  th e  a p p ro p r ia te  in e r t ia  a n d  
w it h  — co2 a d d e d  to  e a ch  e le m e n t o n  th e  m a in  d ia g o n a l. T h e  
e ig e n va lu e s  o f  M  a re  th e  sq u a re s  o f  th e  re s o n a n t fre q u e n c ie s  o f  
th e  w h o le  sy s te m . T h e  m a t r ix  A f o r  th e  g e n e ra l c a se  o f  a  s in g le  
b ra n c h  p o in t  sy s te m  w it h  m b ra n c h e s  m a y  be  w r it te n  in  th e  f o r m :

w h e re  Xn_ i '  h a s  a n  u p p e r  l im it  g iv e n  b y  Xn_ x ' <  Xn„ i  - f  alb a n d  
th e  c o n d it io n  Xi <  Xj+i im p lie s  X* <  X i' <  X i+J.

2 .1  Single Branch Point Systems without any Identical Branch 
Frequencies ( Untuned Systems)
F o r  th is  ty p e  o f  s y s te m  X i <  Xj+ i  f o r  a l l  X a n d  th e  in e q u a l it y  

o f  (2)  is  re d u c e d  to  th e  f o r m :

X</ <  X i  <  X i '  <  X2 <  X2'  <  X3 <  . . . <  X „ _ i  <  Xn_ (3)

w it h  th e  u p p e r  l im it  o f  Xn- i '  g iv e n  b y  Xn_ i '  <  Xn_ i  +  alb.
I t  m a y  be  re c o g n iz e d  th a t  th e  p a r t it io n e d  m a tr ic e s  A 1, A2 

. . .  a lo n g  th e  m a in  d ia g o n a l o f  A a re  th e  s t if fn e ss  m a tr ic e s  o f  th e  
in d iv id u a l b ra n c h e s  w ith  th e ir  b ra n c h  p o in ts  c la m p e d . T h u s , fo r  
th e  s y s te m  in  F ig .  1 , i f  th e  in d iv id u a l b r a n c h  e ig e n v a lu e s  a re  
a r ra n g e d  in  a sc e n d in g  o rd e r  X 1( X2 . . .  X12 a n d  n o t in g  th a t  f o r  
th is  s y s te m  Xi <  Xi+J th e n  th e  e ig e n v a lu e s  o f  th e  c o m p le te  s y s te m  
in te r le a v e  th e  e ig e n va lu e s  o f  th e  b ra n c h e s  in  th e  m a n n e r :

X0'  =  O , X j <  X ] ' <  X2 <  X2' . . .  <  X10 <  X n '  <  X 12 <  X [2'

&3B +  &3C +  km)<  1̂2 +
(£3 A

IB

w h e re  XQ' =  O to  a c c o u n t  f o r  th e  f re e  b o d y  m o d e .
T o  il lu s t ra te  th e  v a l id it y  o f  th e  a b o v e  c r i t e r io n , a  b ra n c h e d  

sy s te m  w a s  sy n th e s iz e d , u t i l iz in g  a  te c h n iq u e  d e ve lo p e d  b y  th e  
a u th o rs <3), su c h  th a t  th e  b ra n c h  n a tu ra l f re q u e n c ie s  w e re  as  
sh o w n  in  F ig .  2 .

w h e re  b is  th e  in e r t ia  o f  th e  b ra n c h  p o in t  ro to r . 
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Fig. 2—System I—N o common branch frequencies
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A rra n g in g  th e  b ra n c h  n a tu ra l fre q u e n c ie s  in  a sc e n d in g  o rd e r  
a n d  n o w , fo r  c o n v e n ie n c e , le t t in g  X re p re se n t  th e  n a t u r a l  f re q u 
e n c ie s  g iv e s :

T h e  b ra n c h  n a tu ra l fre q u e n c ie s  a rra n g e d  in  a sc e n d in g  o rd e r  
a n d  le t t in g  X n o w  re p re se n t  th e  n a tu ra l f re q u e n c ie s  a r e :

x, 15; X2 =  2 0 ; X3 =  4 0 ; X4 =  5 0 ; X5 =  6 0 ; X6 =  7 0 ; X7 =  100
X\

an d  th e  n a tu ra l fre q u e n c ie s  o f  th e  c o m p le te d  sy s te m  m a y  be 
p re d ic te d  a c c o rd in g  to  th e  c r ite r io n  a b o v e  to  b e :

X0' =  0 ;  15 <  X,' <  20  <  X2 <  4 0  <  X3' <  50  <

Xa,’ <  6 0  <  V  <  7 0  <  V  <  100 <  X7'  <  K

w h e re  K . / i n n ;  : 4  4 7 2  667 h 4  0 2 2  8 0 0  : 65 104 895

1 0 ; X2 =  1 5 ; X3 =  X4 =  X5 =  2 0 ; X6 =  4 0 ;  X7 =  X8 =  5 0 ; 

X9 =  6 0 ; X,0 =  Xu  =  Xj2 =  7 0 ; X,3 =  100

Branch frequencies  
SO, 7 0  r a d /s

2 0 ,  4 0  
r a d /s

V ,m! 2000

2 1 6  33

T h e  n a tu ra l f re q u e n c ie s  o f  th e  sy s te m  (S y s te m  I )  h a v e  been  
o b ta in e d  b y  a  m a t r ix  p ro c e d u re  fo r  th e  w h o le  sy s te m  an d  a re  
sh o w n  in  T a b le  I .  I t  c a n  be  o b se rve d  th a t  th e  n a tu ra l f re q u e n c ie s  
fa ll w ith in  th e  sp e c if ie d  fre q u e n c y  b o u n d s .

T h e  e ig e n v e c to r  in fo rm a t io n  o b ta in e d  f ro m  th e  m a t r ix  
so lu t io n  is  a ls o  s u m m a r iz e d  in  T a b le  I  in  te rm s  o f  th e  n u m b e r o f  
n o d e s  in  e a ch  a rm  fo r  th e  p a r t ic u la r  n a tu ra l f re q u e n c ie s  o f  th e  
sy s te m . I t  c a n  be seen  th a t  a n  e x t ra  n o d e  is  in t ro d u c e d  in to  a  
b ra n c h  o n c e  a  n a tu ra l f re q u e n c y  o f  th a t  b ra n c h  h a s  been  p assed  
th ro u g h . T h is  is  to  be p re d ic te d  s in c e  a t  a  n a tu ra l f re q u e n c y  o f  a 
b ra n c h  th e  b ra n c h  p o in t  w i l l  be a  n o d e  as  th e  b ra n c h  n a tu ra l 
fre q u e n c ie s  w e re  c a lc u la te d  w ith  th e  b ra n c h  p o in t  c la m p e d . A t  
a  h ig h e r fre q u e n c y  th e  w a v e le n g th  w i l l  be le ss  a n d  th e  n o d e  w il l  
m o v e  f ro m  th e  b ra n c h  p o in t  in to  th e  b ra n c h .

2 0 , 7 0  r a d /s

_ 15 ,6 0 . 
1 0 0  r a d /s

5 0 ,7 0  ra d /s

F ig . 3— System  II— C om m on branch frequencies

T h e  n a tu ra l f re q u e n c ie s  o f  th e  c o m p le te  sy s te m  m a y  b y  
re fe re n c e  to  e q u a t io n  ( 2)  be p re d ic te d  to  in te r la c e  th e  n a tu ra l 
fre q u e n c ie s  o f  th e  in d iv id u a l b ra n c h e s  in  th e  fo llo w in g  m a n n e r :

X0' -  0 ;  10 <  X i '  <  15 <  X2'  <  2 0  =  X3' =  2 0  =  X4'  =  

2 0  <  X 5'  <  4 0  <  X g' <  50  =  X-j' 50  <  X&' <  6 0  <  X 9'

<  70  =  X10'  =  7 0  =  Xu '  =  7 0  <  X12'  <  100 <  X)3'  <  284

T a b l e  I — S y s t e m  I c a l c u l a t e d  r e s u l t s

X'
n u m b e r

S y s te m
n a tu ra l

fre q u e n c y
ra d /s

N u m b e r  o f  n o d e s

50 , 70 
ra d / s  b ra n c h

2 0 , 4 0  
ra d /s  b ra n c h

15, 6 0 , 100 
ra d /s  b ra n c h

0 0 0 0 0

1 1 7 1 9 0 0 1

2 2 4 0 8 0 1 1

3 40-14 0 2 1

4 59-93 1 2 1

5 64-71 I 2 2

6 99-996 2 2 2

7 199-4 2 2 3

2 .2  Single Branch Point Systems with Common Branch Frequencies
(Tuned Systems)
I t  fo llo w s  f ro m  th e  g e n e ra l in e q u a l it y  e xp re sse d  in  e q u a t io n  

( 2)  th a t  w h e n  a n  e ig e n v a lu e  o f  a  b ra n c h  is  c o m m o n  w ith  th a t  
o f  a n o th e r  b ra n c h , th e n  th e  sy s te m  z e ro  ly in g  b e tw e e n  th e m  
ta k e s  th e ir  c o m m o n  v a lu e . A ls o ,  i f  a  v a lu e  o f  X; is  re p e a te d  r t im es  
a n d  Xj is  th e  n e x t  v a lu e  a n d  is  re p e a te d  s t im e s , th en  Xj c o u n ts  
(r 1) t im e s  a n d  Xj (s 1) t im e s  a m o n g  th e  sy s te m  e ig e n va lu e s  
a n d  th e re  is  o n e  e ig e n v a lu e  s t r ic t ly  b e tw e e n  th e m .

A  sy s te m  (S y s te m  I I )  s y n th e s iz e d  to  i l lu s t ra te  th e  a b o v e  
p ro p e rt ie s  is  s h o w n  in  F ig .  3 . I t  h a s  th re e  b ra n c h e s  w ith  n a tu ra l 
fre q u e n c ie s  o f  7 0  ra d / s , th re e  b ra n c h e s  w it h  n a tu ra l f re q u e n c ie s  
o f  2 0  ra d /s  an d  tw o  b ra n c h e s  w ith  n a tu ra l fre q u e n c ie s  o f  50  ra d /s .

A s  e x p e c te d , th is  p re d ic ts  tw o  re p e a te d  n a tu ra l fre q u e n c ie s  
a t  2 0  ra d /s  a n d  7 0  ra d /s  w ith  a  s in g le  n a tu r a l f re q u e n c y  a t 
50  ra d / s . F o r  c o m p a r is o n  o f  th e  p re d ic te d  re s u lts  to  a c tu a l 
th e o re t ic a l v a lu e s , th e  n a tu ra l f re q u e n c ie s  a n d  n o rm a l e la s t ic  
c u rv e s  h a v e  been  c o m p u te d  b y  a  m a t r ix  m e th o d  a n d  a re  sh o w n  
in  T a b le  I I .  I t  c a n  be o b se rv e d  th a t  th e  n a tu ra l fre q u e n c ie s  o f  th e  
c o m p le te  sy s te m  fa l l  w ith in  th e  p re d ic te d  ra n g e s  a n d  it  m a y  a lso  
be o b se rve d  th a t  e x t ra  n o d e s a re  in t ro d u c e d  in to  th e  b ra n c h  a rm s  
a s  p re v io u s ly  p re d ic te d . T h e  n o rm a l e la s t ic  c u rv e s  o f  th e  2 0 , 50  
a n d  70  ra d /s  n a tu ra l fre q u e n c ie s  o f  th e  c o m p le te  sy s te m  a re  o f  
in te re s t  in  th a t  o n ly  th o se  b ra n c h e s  h a v in g  th e se  p a r t ic u la r  
b ra n c h  fre q u e n c ie s  re so n a te . T h e  re m a in in g  b ra n c h e s  a n d  th e  
b ra n c h  ro to r  re m a in  s ta t io n a ry  a n d  th e se  a re  so m e tim e s  re fe r re d
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T able I I — System I I  c a lc u la te d  r e su lts

X'
n u m b e r

S y s te m  n a tu ra l 
fre q u e n c ie s

N u m b e r  o f  n o d e s p e r  b ra n c h

50, 70 
rad /s  

b ra n c h

20, 40 
ra d /s  

b ra n c h

10, 20 
ra d /s  

b ra n c h

20, 70 
ra d /s  

b ra n c h

50, 70 
ra d /s  

b ra n c h

15, 60, 103 
ra d /s  

b ra n c h

0 0 0 0 0 0 0 0

1 10-401 0 0 1 0 0 0

2 16-487 0 0 1 0 0 1

3 20 0 1 0

4 20 0 1 0

5 23 083 0 1 2 1 0 1

6 40-071 0 2 2 1 0 1

7 50 0 0

8 59-966 1 2 2 1 1 1

9 64-708 1 2 2 1 1 2

10 70 1 1 1

11 70 1 1 1

12 99-998 2 2 2 2 2 2

13 271-969 2 2 2 2 2 3

to  a s  tu n in g  fo r k  n o d e s . T h e  n o d e  c o u n ts  a s  sh o w n  in  T a b le  I I  
f o r  tu n in g  f o r k  n o d e s  w e re  o b ta in e d  t re a t in g  th e  b ra n c h  p o in t 
ro t o r  a s  a  t ru e  z e ro  a n d  ig n o r in g  it s  s ig n . T h e s e  n o d e s il lu s t ra te  
the  c o n c e p t o f  tu n in g  w h e re b y  th e  d e s ig n e r ca n  tu n e  o u t p a r t ic u la r  
b ra n c h  m o t io n s  b y  a r ra n g in g  fo r  id e n t ic a l b ra n c h  n a tu ra l 
fre q u e n c ie s .

3.0 system s w ith  tw o  b ran ch  points  
T h e  s t iffn e ss  m a t r ix  o f  th e  tw o  b ra n c h  p o in t  sy s te m  s h o w n  in  

F ig . 4  m a y  e a s i ly  be s h o w n  to  be o f  th e  fo rm  p re se n te d  o n  th e  
fa c in g  page .

T h is  m a y  be e xp ressed in  a  g e n e ra l fo rm

Ai,i O  . . . o o O o o Hi o
O  A2,i ... o o O o o t*2 o

O  O  ... Am,l o O o o H-m o
O  O  ... o Am+i,2 O o o o um+ 1

O  O  ... o o Am+2,2 . . . o o o Um+2

O  O  ... o o o A p,2 o o Up

O  O  . . . o o o O An—2 (J-n-2 Un-2

m T t*2T  . . . o o O f*n- T2 On-1 o
o o ... o Um+T l ”PT Un- T2 o Qn
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w h e re  th e  se co n d  su ff ix  d e n o te s  re fe re n ce  to  th e  b ra n c h  p o in t to 
w h ic h  th e  b ra n c h  a rm s  a re  f ix e d  a n d  An~2, Hn- 2 , un_2 a re  o f  the 
f o r m :

V  =  0 ;  0  ^  X , '  <  X2 ; X ! ^  X2'  ^  X 3 ; 

X2 ^  X3 ^  X4 J . . . Xn_4 ^  Xn_ 3 5  ̂ X n _ 2*

An-

(k o L  +  /v 1 l ) —A il o .. o
1

• 
*r

- 
r 1L +  /C2L) — k 2L . . o

o O O “Ar_ i,L  (

— k o L o
!*n-2 = I ’->n-2 =

o Av l

_ _ _

o
o

l.L -\- k rL)

/• b e in g  th e  n u m b e r  o f  l in k  ro to rs  e x c lu d in g  th e  b ra n c h  p o in t 
ro to rs  a n d  th e  s u ff ix  L  d e n o te s  re fe re n ce  to  th e  l in k  a rm .

Aii, Ai2 (i =  1 . . .  p) a n d  Hi (/ =  1 . . in) a re  o f  th e  fo rm  
p re v io u s ly  o b ta in e d  fo r  s in g le  b ra n c h  p o in t sy s te m s , ui (/' =  m +  1 
. . .  p )  is  o f  th e  sam e  fo rm  a s  m ,

tfn-1 =  ^   ̂ Ars ij 

i=  I

an d

N2V(In — 7  ks2:./ , 1
1=1

o . . o o o
o b2 . o o o

o o . Bn—2 o o
o o . o bn~\ o
o o . o o bn

w h e re  bn~ 1, bn a re  th e  in e r t ia s  o f  th e  f ir s t  b ra n c h  p o in t  a n d  th e  
seco n d  b ra n c h  p o in t  ro to rs  re s p e c t iv e ly .

I t  h a s  been  p ro v e d  in  (2 )  th a t th e  fo llo w in g  re la t io n s h ip  
a p p lie s  b e tw een  th e  e ig e n va lu e s  Ax  =  X'Bx a n d  th e  e ig e n va lu e s  
o f  th e  e q u a t io n s  g ive n  b y  A,x = XBix (/ =  1,  2 . . . n — 2) ,  
n a m e ly :

An 3 ^n-2 ^  Xn—2 +  7 !
On-1

1 ^  , An-1 , a n
An- 2  ^  An_i An-2 +  T ! 7—  

O n -1 On

(4 )

I t  is  a p p a re n t  f ro m  e x a m in a t io n  o f  th e  s t iffn e ss  m a t r ix  th a t 
th e  su b -m a tr ic e s  A 1,1 . . . Ap,2 a re  th e  s t if fn e ss  m a tr ic e s  o f  the 
in d iv id u a l b ra n c h e s  c o n s id e re d  f ix e d  a t  th e  b ra n c h  p o in ts  an d  
the s u b - m a tr ix  A n - 2  is th e  s t iffn e ss  m a t r ix  o f  the l in k  co n s id e re d  
fixe d  a t  bo th  e n d s . T h u s  fo r  th e  sy s te m  s h o w n  in  F ig . 4 , i f  the 
in d iv id u a l b ra n c h  e ig e n v a lu e s  a n d  l in k  e ig e n v a lu e s  a re  a rra n g e d  
in  a sc e n d in g  o rd e r  X i ,  X2 . . . X12 th e n  th e  b o u n d s  o f  th e  e ig e n 
v a lu e s  X ' o f  th e  to ta l sy s te m  w il l  be a s  p re d ic te d  b y  e q u a t io n  (4 )  
a b o v e .

I n  o rd e r  to  il lu s t ra te  th e  ty p e  o f  b o u n d s  g iv e n  b y  th e  a b o v e  
c r i t e r io n , th e  sy s te m  (S y s te m  I I I )  s h o w n  in  F ig . 5 w a s  s y n th e s iz e d .

Branch frzquzncizs

w h e re  .? 1 a n d  s2 re fe r  to  th e  b ra n c h  s h a ft  se c t io n s  a d jo in in g  
b ra n c h  p o in ts  I a n d  2  re s p e c t iv e ly  a n d  A T I , TV2 a re  th e  n u m b e r 
o f  sh a fts  a d jo in in g  b ra n c h  p o in ts  1 a n d  2  re sp e c t iv e ly . T h e  
in e r t ia  m a t r ix  B m a y  a ls o  be p a rt it io n e d  in  th e  f o r m :

F ig . 5— System III—Single link two branch point system

T h e  b ra n c h  an d  l in k  n a tu ra l fre q u e n c ie s  a rra n g e d  in  
a sc e n d in g  o rd e r  an d  le t t in g  X re p re se n t tn e  n a tu ra l fre q u e n c ie s  
a r e :

X i =  X2 =  X 3 =  X4 =  1 0 ;  X 5 =  X j  =  X 7 —  2 0 ;

Xs =  3 0 ;  Xy =  a  10 =  5 0 ;  X n  =  X i2 —  7 0

T h e  n a tu ra l fre q u e n c ie s  o f  th e  c o m p le te  sy s te m  m a y  th e re fo re  
be p re d ic te d  b y  e q u a t io n  (4 )  to  lie  in  th e  ra n g e s :
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V  =  0 ;  0  s? X , '  1 0 ; 10 <  X2'  ^  1 0 ; 10 ^  X3'  <  1 0 ;

10 <  X4'  ^  2 0 ; 10 X 5' <  2 0 ; 20  sg X6' ^  2 0 ;

20  ^  X 7'  <  3 0 ; 2 0  s j X8'  <  5 0 ; 3 0  *£ X9' ^  5 0 ; 50  <  X 10' <  7 0 ;

50  sS X j i '  <  7 0 ; 7 0  X 12'  8 0 -7 ; 70  5? X 13'  ^  268

I n  a d d it io n , m o re  p re c ise  in fo rm a t io n  a b o u t th e  lo c a t io n  o f  
th e  sy s te m  e ig e n v a lu e s  m a y  so m e tim e s  be  o b ta in e d  b y  c o n s id e r in g  
th e  sy s te m  as  a  se t o f  su b sy s te m s  e a c h  w ith  o n e  b ra n c h  p o in t . 
B o t h  b ra n c h  p o in ts  o f  th e  sy s te m  a re  c la m p e d  a n d  th e n  re le ase d  
in  t u rn , u s in g  th e  re s u lts  o f  th e  p re v io u s  se c t io n  a t  e a c h  stag e . 
T h e  o rd e r  in  w h ic h  th e  c la m p s  a re  re le a se d  w i l l  n o t  a ffe c t th e  
f in a l re s u lt  p ro v id e d  it  is  re m e m b e re d  th a t  o c c a s io n a lly  o n e  o f  
th e  e ig e n v a lu e s  o f  th e  s u b sy s te m  w ith  o n e  b ra n c h  p o in t  re le a se d  
w i l l  a ls o  b e co m e  a n  e ig e n v a lu e  o f  th e  w h o le  sy s te m , w ith  b o th  
b ra n c h  p o in ts  re le a se d .

A  d e ta ile d  d is c u s s io n  o f  w h e n  th is  o c c u rs  is  g ive n  in  
re fe re n c e  (2 ) .  T w o  sp e c if ic  c a se s  w i l l  be  g iv e n  in  th is  p a p e r . I f  a  
su b sy s te m  h a s  a  tu n in g  fo r k  m o d e  in  w h ic h  th e  l in k  a rm s  a re  a t  
re s t , th e n  th a t  e ig e n v a lu e  w il l  b e  an  e ig e n v a lu e  o f  th e  f in a l sy s te m  
a f te r  re le a s in g  th e  se co n d  b ra n c h  p o in t  c la m p . A lt e r n a t iv e ly , i f  
w e  h a v e  tw o  id e n t ic a l l in k  a rm s , o n e  o f  w h o se  e ig e n v a lu e s  is  n o t 
a n  e ig e n v a lu e  o f  a n y  o f  th e  b ra n c h  a rm s , th e n  th e se  l in k s  v ib ra te  
in  a n t ip h a s e . T h e  s y m m e try  o f  th e  id e n t ic a l l in k s  a t  a l l  fre q u e n c ie s  
a s su re s  c a n c e lla t io n  o f  v a r io u s  te rm s  in  th e  sy s te m  m a t r ix  a n d  
g ive s  r is e  to  th e  c o rre s p o n d in g  su b sy s te m  e ig e n v a lu e  b e c o m in g  
a n  e ig e n v a lu e  o f  th e  f in a l sy s te m .

T o  il lu s t ra te  th e se  p o in ts  w e  re tu rn  to  S y s te m  I I I  sh o w n  in  
F ig .  5 . T h e  n a tu ra l fre q u e n c ie s  o f  s u b sy s te m  A  w i l l  be  in  th e  
ra n g e s :

0  <  X t ' <  1 0 ; 10 <  X2'  <  3 0 ; 30  <  X3'  <  5 0 ; X4'  =  5 0 ;

5 0  <  X5'  <  7 0 ; X6'  =  7 0 ; 7 0  <  X7' <  80-7 (5 )

R e m e m b e r in g  th a t  X4'  a n d  X6'  a re  tu n in g  f o r k  m o d e s  in  
w h ic h  th e  l in k  a rm  is  a t  re s t , w e  c a n  s a y  th a t  th e se  a re  a ls o  
n a tu ra l f re q u e n c ie s  o f  th e  w h o le  sy s te m , w ith  b o th  b ra n c h  p o in ts  
u n c la m p e d . T h e  re m a in in g  n a tu ra l fre q u e n c ie s  o f  su b sy s te m  A  
to g e th e r w ith  th o se  o f  th e  b ra n c h e s  to  th e  le f t  o f  th e  c la m p e d  
b ra n c h  p o in t  c a n  n o w  be  a rra n g e d  in  a sc e n d in g  o rd e r :

V; 1 0 ; 1 0 ; 1 0 ; X2' ;  2 0 ; 2 0 ; 2 0 ; X3' ;  X5' ;  X /
(a s su m in g  10 <  X2'  <  2 0 )

A p p ly in g  th e  re su lts  o f  se c t io n  2 .2  w e  o b ta in :

X0'  =  0 ;  V  <  X j '  <  1 0 ; X2*  =  X3'  =  1 0 ; 10 <  X4" <  X2' ;

X2'  <  X 5'  <  2 0 ; X6'  =  X /  =  2 0 ; 2 0  <  V  <  X3' ;

X3'  <  X io ' <  X5' ;  X5'  <  X i2'  <  X7' ;  X7'  <  X i3* <  268  ( 6)  

to g e th e r w i t h :
X , '  =  5 0 ; X , , '  =  7 0

S u b s t itu t in g  th e  re q u ire d  ra n g e s  f ro m  e q u a t io n  (5 )  in to  
e q u a t io n  ( 6)  w e  see  th a t  th e  p re d ic te d  ra n g e s  a re  n o w :

X0'  =  0 ;  0  <  X , '  <  1 0 ; X2'  =  X3'  =  1 0 ; 10 <  X4'  <  3 0 ;

10 <  X 5'  <  2 0 ; X6" =  X7*  =  2 0 ; 2 0  <  X8'  <  5 0 ; X9'  =  5 0 ;

30  <  X I0 '  <  7 0 ; X , , '  =  7 0 ; 50  <  X 12'  <  8 0 -7 ; 7 0  <  X I3 '  <  268

I f  w e  h a d  a ssu m e d  th a t  2 0  <  X2'  <  3 0  w e  w o u ld  o b ta in  th e  
sa m e  re s u lt . S im i la r ly ,  b e g in n in g  w ith  su b sy s te m  B  a n d  a p p ly in g  
th e  sa m e  ru le s  w o u ld  a lso  g iv e  th e  sa m e  ra n g e s .

T h e  n a tu ra l fre q u e n c ie s  a n d  n o d e s  p e r l in k  a n d  b ra n c h  a rm s  
d e r iv e d  b y  a  c o m p u te r  m a t r ix  p ro c e d u re  a re  sh o w n  in  T a b le  I I I  
a n d  i t  c a n  be  seen  th a t  th e  c a lc u la te d  v a lu e s  l ie  w it h in  th e  
p re d ic te d  ra n g e s .

A s  a  fu r t h e r  i l lu s t r a t iv e  e x a m p le , a  tw o  b ra n c h  p o in t  sy s te m  
(S y s te m  I V )  w ith  tw o  l in k  a rm s , h a s  been  s y n th e s iz e d  to  h a v e  th e  
b ra n c h  a n d  l in k  n a t u r a l  fre q u e n c ie s  s h o w n  in  F ig .  6 . T h e  n a tu ra l 
fre q u e n c ie s  o f  th e  b ra n c h  a n d  l in k  a rm s  a r ra n g e d  in  a sc e n d in g  
o rd e r  a r e :

Xi =  X2 =  X 3 =  X4 =  X5 =  1 0 ; Xfi =  X 7 =  X8 =  2 0 ;

^9 =  ^10 =  3 0 ; X 11 =  X i2 =■ 5 0 ; X ]3 =  X i4 =  70

T h e  n a tu ra l fre q u e n c ie s  o f  th e  co m p le te  sy s te m  m a y  th e re fo re  
be p re d ic te d  to  l ie  in  th e  r a n g e s :

Xo' =  0 ;  0  <  X , '  <  1 0 ; 10 <  X2' s ;  1 0 ; 10 s ;  X3'  ^  1 0 ;

10 <  X 4' ^  1 0 ; 10 <  X 5' <  2 0 ; 10 ^  X 6' <  2 0 ;

2 0  X / <  2 0 ; 2 0  <  X8'  ^  3 0 ; 2 0  <  X9'  <  3 0 ;

3 0  s? X io ' <  5 0 ; 30  <  Xu '  <  5 0 ; 50  <  X )2'  <  7 0 ;

50  <  X I3' <  7 0 ;  7 0  <  X 14' <  K \ ; 7 0  sg X 15' <  K 2

w h e re  K\ a n d  K 2 c a n  be  c a lc u la te d  f ro m  th e  s t iffn e sse s  a n d  
in e r t ia s  a n d  a re  fo u n d  to  b e  K\ =  80-7 a n d  K 2 =  2 6 8 .

U s in g  th e  a rg u m e n ts  re fe r re d  to  a b o v e  w e  m a y  im p ro v e  o n  
th e se  in e q u a lit ie s  a n d  c o n c lu d e  th a t  th e re  w i l l  be  th re e  n a tu ra l 
f re q u e n c ie s  a t  10 ra d / s , tw o  a t  2 0  ra d / s , o n e  a t  3 0  ra d / s , a t  
50  ra d /s  an d  a t  7 0  ra d / s . O u r  im p ro v e d  p re d ic t io n s  b e c o m e :

X0'  =  0 ;  0  <  X , '  <  1 0 ; X2'  =  X3'  =  X4'  =  1 0 ;

10 <  X 5'  <  2 0 ; 10 <  X6'  <  2 0 ;  X7'  =  X8'  =  2 0 ;

2 0  <  X9'  <  5 0 ; X io ' =  3 0 ; 30  <  X n '  <  7 0 ; X ,2'  =  5 0 ;

5 0  <  X,3'  <  8 0 -7 ; X,4'  =  7 0 ;  7 0  <  X15'  <  268

T h e  c a lc u la te d  n a tu r a l fre q u e n c ie s  a n d  n o d e s  sh o w n  in  
T a b le  I V  a g re e  w ith  th e se  p re d ic te d  ra n g e s .

A s  fo r  th e  ca se  o f  s in g le  b ra n c h  p o in t  sy s te m s , a n  e x t r a  n o d e  
is  in tro d u c e d  in to  a  b ra n c h  a rm  im m e d ia te ly  a  b ra n c h  n a tu ra l 
f re q u e n c y  is  e xce e d e d . H e n c e  th e  n e x t  h ig h e s t  s y s te m  n a tu ra l 
f re q u e n c y  a d ja c e n t  to  a  b ra n c h  n a t u r a l  f re q u e n c y  w i l l  h a v e  an  
e x t r a  n o d e  in  th e  b ra n c h  a rm  c o m p a re d  to  th e  sy s te m  n a tu ra l 
f re q u e n c y  b e lo w  i t .  A n y  o th e r  n a tu r a l fre q u e n c ie s  o f  th e  sy s te m  
a p p e a r in g  be tw een  b ra n c h  a n d  l in k  f re q u e n c ie s  w i l l  in t ro d u c e  in  
tu rn  a d d it io n a l n o d e s  in to  th e  l in k  a rm s . T h e  n o rm a l e la s t ic  
c u rv e s  a t  th e  n a tu ra l fre q u e n c ie s  o f  th e  sy s te m  ca u se d  b y  c o m m o n  
b ra n c h  fre q u e n c ie s  a n d  c o m m o n  l in k  a rm  fre q u e n c ie s  a re  o f  
sp e c ia l in te re s t . A t  th e se  n o d e s  o f  v ib ra t io n  o n ly  b ra n c h e s  a n d /o r  
l in k s  h a v in g  a  c o m m o n  f re q u e n c y  v ib ra te  a n d  th e  re m a in in g  
b ra n c h e s  a n d  l in k s  re m a in  s ta t io n a ry .

70  r a d / s

F i g . 6—System IV— Two link two branch point system

Branch frequencies 
10j 2 0  ra d /s
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T a b l e  I I I — S y s t e m  I II  c a l c u l a t e d  r e s u l t s

a '

n u m b e r
S y s te m  n a tu ra l 

fre q u e n c ie s

N u m b e r  o f  n o d e s  p e r b ra n c h

10, 20 
ra d /s  

b ra n c h

10, 20 
ra d /s  

b ra n c h

10, 20 
rad /s  

b ra n c h

5 0 , 70  
ra d /s  

b ra n c h

5 0 , 70  
ra d /s  

b ra n c h

10, 30 
ra d /s  
l in k

0 0 0 0 0 0 0 0

1 2-457 0 0 0 0 0 1

2 10 0 0 0

3 10 0 0 0

4 10-2 1 1 1 0 0 1

5 18-67 1 1 1 0 0 2

6 20 1 1 1

7 20 1 1 1

8 29-9 2 2 2 0 0 2

9 41-97 2 2 2 0 0 3

10 50 0 0

11 64-48 2 2 2 1 1 3

12 70 1 1

13 261-737 2 2 2 2 2 3

T a b l e  I V — S y s te m  I V  c a l c u l a t e d  r e s u l t s

X'
n u m b e r

S y s te m  n a tu ra l 
fre q u e n c ie s  

ra d /s

N u m b e r  o f  n o d e s  p e r b ra n c h

10, 20 
ra d /s  

b ra n c h

10, 20 
ra d /s  

b ra n c h

10, 20 
ra d /s  

b ra n c h

5 0 , 70  
ra d /s  

b ra n c h

5 0 , 70 
ra d /s  

b ra n c h

1 0 , 30  
ra d /s  
l in k

10, 30 
ra d /s  
l in k

0 0 0 0 0 0 0 0 0

1 3-414 0 0 0 0 0 1 1

2 10 0 0 0 0 0

3 10 0 0 0 0 0

4 10 0 0 0 0 0

5 10-42 1 1 1 0 0 1 1

6 18-741 1 1 1 0 0 2 2

7 20 1 1 1

8 20 1 1 1

9 29-83 2 2 2 0 0 2 2

10 30 1 1

11 43-14 2 2 2 0 0 3 3

12 50 0 0

13 64-49 2 2 2 1 1 3 3

14 70 0 1 1

15 262-041 2 1 1 2 2 3 3
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T h e  n u m b e r  o f  n o d e s  p e r  b ra n c h  a n d  l in k  a rm  a re  sh o w n  in  
T a b le s  I I I  a n d  I V  f o r  th e  sy s te m s  s h o w n  in  F ig s .  5 a n d  6 
re sp e c t iv e ly  a n d  it  c a n  be  seen  th a t  th e  n o d e  c o u n ts  a re  as  
p re d ic te d  w ith  th e  e x c e p t io n  o f  th e  la s t  n a tu ra l f re q u e n c y  o f  
th e  tw o  l in k  sy s te m . I n  th is  ca se  e x a m in a t io n  o f  th e  n o rm a l 
e la s t ic  c u rv e s  sh o w e d  th a t  th e  a m p litu d e s  o f  th e  10, 20 ra d /s  
b ra n c h  a rm s  w e re  a  f a c to r  o f  1010 d o w n  o n  th e  a m p litu d e s  o f  
th e  o th e r  b ra n c h e s  a n d  l in k s . R o u n d in g  e rro rs  a t  th ese  e x tre m e ly  
sm a ll a m p litu d e s  (e f fe c t iv e ly  z e ro ) w o u ld  a c c o u n t f o r  th e  
in c o rre c t  n o d a l c o u n t .

CONCLUSIONS
A  c o m p re h e n s iv e  s tu d y  o f  th e  v ib ra t io n a l p ro p e rt ie s  o f  

m u lt i- b ra n c h , o n e  o r  tw o  b ra n c h  p o in t  to rs io n a l sy s te m s h a s  
been  p re se n te d , w h ic h  sh o u ld  h e lp  to  p ro v id e  th e  d e s ig n e r w ith  
a n  a p p re c ia t io n  o f  th e  v ib ra t io n a l p ro p e rt ie s  o f  g e n e ra l to rs io n a l 
s y s te m s  in  te rm s  o f  th e  n a tu ra l fre q u e n c ie s  o f  th e  in d iv id u a l 
b ra n c h  a n d  l in k  a rm s . T h e  ra n g e s  h a v e  been  e s ta b lish e d  w ith in  
w h ic h  th e  sy s te m  n a tu ra l fre q u e n c ie s  f a l l  a n d  th e  c o n d it io n s  fo r  
m u lt ip le  n a tu ra l fre q u e n c ie s  d e m o n s tra te d . M o d a l a n a ly s is  in

te rm s  o f  th e  n o d e s  p e r  b ra n c h  a n d  l i n k  a rm s  h a s  a ls o  been  
e s ta b lish e d .

T h e  in fo rm a t io n  p re se n te d  s h o u ld  e n a b le  a  d e s ig n e r to  m a k e  
e ffe c t iv e  d e c is io n s  re g a rd in g  o p t im iz in g  d e s ig n s  to  a v o id  
d a n g e ro u s  re s o n a n t c o n d it io n s .
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t io n  o f  th e  e ig e n va lu e s  a n d  e ig e n ve c to rs  o f  th e  s y n th e s iz e d  
sy s te m s .

Discussion
M r . D .  H .  L .  I n n s  c o n tr ib u te d  to  th e  d is c u s s io n  b y  w r it in g  

th a t  th e  a p p e a ra n c e  o f  th e  p a p e r , a n d  th e  e ru d ite  t re a tm e n t o f  th e  
s u b je c t  d isp la y e d  in  its  p re se n ta t io n  c a m e  a s  a  w e lc o m e  s u rp r is e .

T h e  n a tu ra l f re q u e n c y  a n a ly s is  o f  b ra n c h e d  to r s io n a l sy ste m s 
w a s  a  s p e c ia liz e d  a re a  w ith in  a  sp e c ia liz e d  d is c ip l in e  a n d  m u s t  
in e v it a b ly  be  o f  l im ite d  in te re s t to  th e  m a jo r it y  o f  m a r in e  e n g in 
e e rs . T h is ,  h o w e v e r , in  n o  w a y  d e tra c ts  f ro m  th e  in c re a s in g  
im p o rta n c e  o f  th e  s u b je c t , a n d  w a s  n o  e xcu se  fo r  th e  la c k  o f  
a tte n t io n  it  h a d  re c e iv e d  h ith e r to , a s  le a s t  in  p u b lis h e d  w o r k . T h e  
a u th o rs  w e re  a c c o rd in g ly  to  be  c o m m e n d e d  f o r  th e ir  c o u ra g e  in  
p ro b in g  th e  m y s te r ie s  o f  th e  b ra n c h e d  sy s te m , an d  re c o g n it io n  o f  
th e  v a lu e  o f  th e ir  w o rk  w a s  a  c re d it  to  th e  s e le c t iv ity  o f  th e  
In s t itu te . I t  w a s  p re d ic ta b le  th a t  th is  p a p e r w a s  d e s tin e d  to  b e co m e  
a  w e ll- th u m b e d  re fe re n c e  o f  th e  fu tu re , i f  o n ly  a s  a  b a s is  fo r  
a rg u m e n t o f  th e  f in e r  p o in ts  o f  th e  su b je c t .

T h e  b ra n c h e d  to rs io n a l s y s te m  w a s  n o t  a  n o v e lt y , s in c e , in  it s  
s im p le s t  fo rm , ty p if ie d  b y  th e  c o n v e n t io n a l g eared  s te a m  tu rb in e  
m a r in e  p ro p u ls io n  in s ta l la t io n , i t  h a d  been  s tu d ie d  f o r  m a n y  
y e a rs  a n d  w e ll d o c u m e n te d  in  p u b lis h e d  l ite ra tu re .

I n  it s  m o re  g e n e ra l a n d  c o m p le x  c o n f ig u ra t io n s , h o w e v e r , it  
h a d  a c h ie v e d  w id e r  im p o rta n c e  o n ly  in  th e  la s t  15 y e a rs  o r  so . 
T h is  s itu a t io n  h a d  re su lte d  f ro m  th e  r a p id ly  in c re a s in g  a d o p t io n  
o f  b ra n c h e d  a rra n g e m e n ts  o f  m a r in e  o i l  e n g in e  m a c h in e ry . T h e  
o b v io u s  a d v a n ta g e s  o f  m u lt ip le  m e d iu m  sp eed  o il e n g in e  a r ra n g e 
m e n ts  g ea red  to  a  s in g le  p ro p e l le r , in  te rm s  o f  lo w  h e ig h t 
c o m p a c tn e s s  o f  m a c h in e ry  la y o u t , lo w e r  c a p ita l c o s t an d  f le x 
ib i l i t y  o f  o p e ra t io n  a n d  m a in te n a n c e , h a d  b e e n  a p p re c ia te d  fo r  
la rg e r  p o w e re d  ve ss e ls , p a r t ic u la r ly  th e  sp e c ia l p u rp o se  fa s t  
v e h ic le  fe r r ie s , a ls o  c ru is e  a n d  c o n ta in e r  s h ip s . S im i la r ly ,  b ra n c h e d  
in s ta l la t io n s  h a d  b e c o m e  p o p u la r  in  s m a l le r  ve sse ls  su c h  as 
t ra w le r s , w h e re  a l l  th e  p o w e r  re q u ire m e n ts  w e re  p ro v id e d  b y  
s in g le -e n g in e  m u lt i- p u rp o s e  p o w e r u n it s , d r iv in g  th ro u g h  re d u c t
io n  g e a rin g  to  th e  p ro p e lle r  a n d  h a v in g  p o w e r ta k e - o f f  d r iv e s  fo r  
t r a w l w in c h e s  a n d  a u x i l i a r y  p o w e r g e n e ra to rs .

I t  w a s  s ig n if ic a n t  th a t  th e  a u th o rs  h a d  c h o se n  to  d e vo te  th is  
p a p e r e x c lu s iv e ly  to  th e  d e ta ile d  s tu d y  o f  b ra n c h e d  sy s te m  n a tu ra l 
f re q u e n c ie s . I n  p ra c t ic a l a p p lic a t io n , th e  u lt im a te  o b je c t o f  
t o rs io n a l v ib r a t io n  a n a ly s is  w a s  th e  e s t im a t io n  o f  a c tu a l v ib r a t o r y  
to rq u e  a n d  s tre s s  le v e ls  in  th e  c o m p o n e n ts  o f  th e  sy s te m . T o  th is  
e n d , m o s t re ce n t w o rk  h a d  te n d e d  to  c o n c e n tra te  o n  d e v e lo p in g  
fo rc e d -d a m p e d  o r  f re q u e n c y  re sp o n se  te c h n iq u e s , w h ic h  in v o lv e d  
th e  d is c re te  a p p lic a t io n  o f  e x c it in g  to rq u e s  an d  d a m p in g , th e re b y  
a c h ie v in g  th e  re q u ire d  o b je c t in  a  s in g le  p ro c e ss . T h is  a p p ro a c h  
h a d  b een  m a d e  p o s s ib le  a n d , in d e e d , e n c o u ra g e d  b y  th e  a v a i l
a b i l i t y  o f  th e  h ig h -sp e e d  d ig ita l c o m p u te r  to  c o p e  w it h  th e  
a s so c ia te d  v o lu m e  o f  c a lc u la t io n . T h e s e  d e v e lo p m e n ts , h o w e v e r , 
a p p e a re d  to  n e g le c t n a tu ra l f re q u e n c y  a n a ly s is , p re s u m a b ly  in  th e  
b e lie f  th a t  s u c h  p r e l im in a ry  w o r k  h a d  b een  re n d e re d  u n n e c e s sa ry
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b y  th e  fo rc e d -d a m p e d  te c h n iq u e . C o n t r a r y  to  th is  v ie w , th e  tw o  
p ro ce sse s w e re  e s s e n t ia lly  c o m p le m e n ta ry ; th e  n a tu ra l f re q u e n c y  
a n a ly s is  p ro v id in g  th e  b a s ic  u n d e rs ta n d in g  o f  th e  g e n e ra l s t ru c t 
u re  o f  th e  v ib ra t io n  c h a ra c te r is t ic s  o f  a  sy s te m  a n d  d ire c t in g  
a tte n t io n  to  th e  a re a s  o f  in te re s t , b o th  re so n a n t  a n d  n o n - re s o n a n t , 
re q u ir in g  e s t im a t io n  o f  a c tu a l v ib r a t o r y  m a g n itu d e s . A t  L lo y d ’ s 
R e g is te r  o f  S h ip p in g  in -h o u se  c o m p u te r  c a p a b i li t ie s  h a d  been 
d e ve lo p e d  fo r  b o th  n a tu ra l f re q u e n c y  a n d  fo rc e d -d a m p e d  a n a ly s is  
o f  b ra n c h e d  sy s te m s , a n d  n o  ca se  w a s  in v e s t ig a te d  w ith o u t  a n  
in i t ia l  n a tu ra l f re q u e n c y  su rv e y .

B y  th e  sa m e  to k e n , n a tu ra l f re q u e n c y  a n a ly s is , a lth o u g h  an  
e sse n tia l p r e l im in a ry , w a s  in s u ff ic ie n t  in  i t s e lf  to  e s ta b lis h  th e  
re la t iv e  s e v e r ity  o f  v ib r a t o r y  c o n d it io n s , e ve n  fo r  re so n a n c e s . In  
p ra c t ic a l te rm s , th e  n a tu ra l f re q u e n c ie s  m u s t  b e  e xp re sse d  a s  
h a rm o n ic  m u lt ip le s  o f  m a c h in e ry  sp eeds in  o rd e r  to  lo c a te  th e  
p o s it io n s  o f  p o te n t ia l re so n a n t  c r i t ic a ls  in  re la t io n  to  o p e ra t in g  
speed  ra n g e s . T h e  s ig n if ic a n c e  o f  s u c h  c r i t ic a ls ,  in  t u rn , d ep e n d e d  
o n  th e  l ik e l ih o o d  o f  th e  a s so c ia te d  m o d e s  o f  v ib r a t io n  b e in g  
e x c ite d  b y  p re d ic ta b le  so u rc e s  o f  v ib r a t o r y  to rq u e , a n d  th e  
su b se q u e n t e s t im a t io n  o f  re la t iv e  se v e r it ie s . T h is  a sp e c t d e tra c te d  
s o m e w h a t f ro m  th e  c la im s  m a d e  b y  th e  a u th o rs  in  th e ir  f in a l 
c o n c lu s io n s .

T h e  g e n e ra l la w s  d e fin in g  th e  d is t r ib u t io n  o f  n a tu ra l 
f re q u e n ce s  o f  c o m p le te  b ra n c h e d  sy s te m s  in  re la t io n  to  th e  
in d iv id u a l c la m p e d , o r  “ n o d e d ” , b ra n c h  o r  su b sy s te m  fre q u e n c ie s  
h a d  b e e n  c le a r ly  e xp re sse d  in  th e  p a p e r . I n  th is  c o n te x t  it  w a s  
g ra t ify in g  to  n o te  th a t  th e  a u th o rs  h a d  a v o id e d  re fe re n c e  to  th e  
c la m p e d  b ra n c h  fre q u e n c ie s  a s  “ a n t i- re s o n a n t  n a tu ra l f re q u e n 
c ie s ”  ; a n  u n fo r tu n a te  te rm  u se d  b y  so m e  p re v io u s  w r it e r s .

A s  im p lie d  in  th e  p a p e r , th e se  p o in ts  b a s ic a l ly  w e re  m a rk e r s  
o n  th e  f re q u e n c y  s c a le  b o u n d in g  th e  re g io n s  o f  p o s s ib le  
o c c u rre n c e  o f  t ru e  n a t u r a l  f re q u e n c ie s  o f  th e  sy s te m . 
T h e y  a ls o  c o in c id e d  w ith  th e  a s y m p to t ic  p o in ts  a r is in g  in  
th e  “ re s id u a l to rq u e ”  c u rv e , w h e n  th e  c o n v e n t io n a l H o lz e r  p ro ce ss  
w a s  a p p lie d  to  th e  s o lu t io n  o f  b ra n c h e d  sy s te m s . T h e  c la m p e d  
b ra n c h  f ie q u e n c ie s  w e re  c e r ta in ly  n o t  “ n a tu ra l f re q u e n c ie s ” , 
e x c e p t w h e re  th e re  w a s  a  m u lt ip l ic it y  o f  b ra n c h e s  h a v in g  id e n t ic a l 
c la m p e d  fre q u e n c ie s , a n d  th e  c o rre s p o n d in g  m o d e s  th e n  in v o lv e d  
e x c ita t io n s  a n d  m o t io n s  in  th o se  b ra n c h e s  o n ly . N e ith e r  w e re  
th ese  fre q u e n c ie s  n e c e s s a r i ly  “ a n t i- re s o n a n t ”  c o n d it io n s , e xce p t 
in  case s w h e re  th e re  w a s  a  p a r t ic u la r  a p p lic a t io n  o r  d is t r ib u t io n  o f  
im p o se d  e x c ita t io n s . I t  w a s  a ssu m e d  th a t  th e  a u th o rs  h a d  d w e lt  
on  th e  c la m p e d  b ra n c h  fre q u e n c ie s  s o le ly  a s  a  m e a n s  o f  p re se n tin g  
a  c le a r  th e o re t ic a l t re a tm e n t o f  th e  g e n e ra lize d  n a tu ra l f re q u e n c y  
a n a ly s is , a n d  th e y  w o u ld  n o t  a d v o c a te  a  p r e lim in a r y  in v e s t
ig a to ry  su rv e y  o f  th e  in d iv id u a l b ra n c h  c h a ra c te r is t ic s  in  p ra c t ic a l 
a p p lic a t io n s , a s  a  s e p a ra te  e x e rc is e , p r io r  to  e v a lu a t io n  o f  th e  
n a tu ra l fre q u e n c ie s  o f  th e  c o m p le te  sy s te m .
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I t  w a s  w e ll k n o w n  th a t  i f  n b ra n c h e s , w h ic h  w e re  id e n t ic a l o r  
sca le d  v e rs io n s  o f  one  a n o th e r , w e re  jo in e d  a t  a  c o m m o n  p o in t  in  
a  s y s te m , th e se  w o u ld  be se ts  o f  m u lt ip le  n a tu ra l fre q u e n c ie s  
re p e a te d  (n — 1) t im e s . T h e  c o rre sp o n d in g  (n 1) p a r t ic u la r  m o d e s 
o f  v ib ra t io n  in v o lv e d  m o t io n s  o f  th e se  b ra n ch e s  o n ly  a n d  in  so m e  
a n ti-p h a s e  c o n f ig u ra t io n ; w e re  l in e a r ly  in d e p e n d e n t ; a n d  sh o u ld  
o b e y  th e  ru le s  o f  o r th o g o n a lit y . I t  w a s  re g re tta b le  th a t th e  a u th o rs  
h a d  n o t p re se n te d  d e ta ile d  n o d a l sh ap e s  fo r  th e  e x a m p le s  tre a te d , 
so  th a t  th e  a b o v e  c h a ra c te r is t ic s  o f  th ese  “ tu n in g - fo rk ”  m o d e s 
c o u ld  be  c le a r ly  d e m o n s tra te d . A s  a  fu r t h e r  p o in t , s in c e  th ese  
m u lt ip le  fre q u e n c ie s  a n d  m o d e s o f  sy s te m s h a v in g  jo in e d  id e n t ic a l 
b ra n c h e s  w e re  u s u a l ly  re c o g n iz a b le  a n d  se p a ra te ly  p re d ic ta b le  
w ith o u t  c o n s id e ra t io n  o f  th e  re m a in d e r  o f  th e  sy s te m , i t  w a s  
c u s to m a ry  in  p ra c t ic a l a n a ly s is  to  lu m p  to g e th e r th e  id e n t ic a l 
b ra n c h e s , in  o rd e r  to  o b ta in  th e  fre q u e n c ie s  o f  th e  re st o f  th e  
m o d e s  w h ic h  in v o lv e  m o t io n s  o f  a l l  e le m e n ts  in  th e  sy s te m  an d  
w ith  th e  b ra n c h e s  v ib ra t in g  in -p h a se . T h is  p r in c ip le  a p p lie d  a lso  
f o r  m u lt ip le  id e n t ic a l l in k s  b e tw een  ju n c t io n  p o in ts , so  th a t , 
e f fe c t iv e ly , th e  a p p a re n t  c o m p le x ity  o f  sy s te m s I I I  an d  I V  in  th e  
p a p e r  m a y  be  re d u ce d  to  s im p le  s t ra ig h t- c h a in  sy s te m s to  o b ta in  
a l l  n a tu ra l fre q u e n c ie s  o th e r  th a n  th o se  o f  th e  tu n in g - fo rk  v a r ie t y . 
I t  w a s  a lso  a d v a n ta g e o u s  in  p ro v id in g  a n  u n b ro k e n  p ro g re ss iv e  
n o d a l c o u n t  in  th e  m o d e s  e x t r a c te d ; a  fe a tu re  w h ic h  w a s  o b v io u s ly  
n o t  a c h ie v e d  in  th e  p a p e r .

S y s te m  I I  c a n n o t  be  d e a lt  w ith  so  e a s i ly , a s  it  h a d  th e  u n u s u a l 
fe a tu re  o f  d is s im ila r  jo in e d  b ra n c h e s  v a r io u s ly  h a v in g  c o m m o n  
c la m p e d -m o d e  fre q u e n c ie s , a n d  th e re fo re  m u st be  tre a te d  a s  a  
c o m p le te  s y s te m . H o w e v e r , a p a r t  f ro m  th e  e x tre m e  u n lik e lih o o d  
o f  su c h  b ra n c h e s  o c c u r r in g  in  p ra c t ic a l a rra n g e m e n ts , it  a lso  
ra is e d  th e  q u e s t io n  o f  n u m e r ic a l a c c u ra c y . S in c e  th e  e x a m p le s  h a v e  
been  s y n th e s iz e d  “ in  re v e rse ” , to  p ro d u c e  sy ste m s h a v in g  d e s ire d  
e x a c t  n a tu r a l f re q u e n c ie s , it  w a s  q u e rie d  w h e th e r  th e y  w e re  
a c tu a lly  e xp re sse d  a s  r a t io n a l sy s te m s o f  in e r t ia s  a n d  s tiffn e sse s . 
T h e  re q u ire d  m a ss -e la s t ic  s y s te m s w o u ld  h a v e  to  be q u o te d  to  a n  
e x t re m e ly  h ig h  o rd e r  o f  n u m e r ic a l a c c u ra c y  to  p ro d u c e  e x a c t  
e q u a l it y  o f  fre q u e n c ie s . I n  p ra c t ic e , i f  it  w e re  su sp ected  th a t  su ch  
e q u a lit ie s  e x is te d  in  a  sy s te m , it  w o u ld  be e x p e d ie n t to  u n b a la n c e  
d e lib e ra te ly  th e  b ra n c h e s  v e r y  s l ig h t ly  in  o rd e r to  o b ta in  id e n t if i
a b le  se p a ra te  m o d e s d if fe r in g  m in u te ly  in  f re q u e n c y . S u c h  u n 
b a la n c in g  w a s  n o t  u n re a l is t ic , s in c e  in  p ra c t ic a l sy s te m s even  
“ id e n t ic a l”  b ra n c h e s  w e re  n e v e r  p re c is e ly  so , a n d  it  m a y  be sa fe r  
in  th e  o v e ra ll a n a ly s is  to  m a k e  th is  a s s u m p t io n .

R e g a rd in g  th e  a d o p t io n  o f  th e  m a t r ix  a p p ro a c h  in  th e  p a p e r 
it  w a s  ag re e d  th a t  th is  re su lte d  in  a n  e le g an t a n d  c o n c ise  
p re se n ta t io n  o f  th e  th e o re t ic a l a sp e c ts  o f  b ra n c h e d  sy s te m  a n a ly s is . 
I t  w a s  a ls o  d e m o n s tra b ly  a  v ia b le  m e th o d  fo r  p ra c t ic a l c o m p u ta t
io n . H o w e v e r , i t  sh o u ld  n o t  b e  fo rg o tte n  th a t  th e re  w e re  a lte r 
n a t iv e  a n d  e q u a l ly  e ffe c t iv e  fo rm s  o f  tre a tm e n t . T h e  sy ste m s 
se le c te d  a s  e x a m p le s  h a d  u n d e rs ta n d a b ly  been  re s tr ic te d  in  s ize , 
c o n s is te n t  w ith  s a t is fa c to r i ly  i l lu s t ra t in g  th e  p a r t ic u la r  fe a tu re s  
u n d e r  d is c u s s io n . T h e  m o s t c o m p le x  c a se , sy s te m  I V ,  fo r  e x a m p le , 
h a s  o n ly  16 in e r t ia s . A t  th e  sa m e  t im e  it  w a s  c le a r  th a t  a n  “ a l l- o u t ”  
s o lu t io n  h a s  been c a r r ie d  o u t , e v a lu a t in g  a l l  th e  n a tu ra l f re q u e n 
c ie s  o f  th e  sy s te m  in  e ach  ca se . T h e s e  tw o  a sp e c ts  o f  th e  w o rk  w e re  
n o t  c h a ra c te r is t ic  o f  p r a c t ic a l to r s io n a l v ib ra t io n  a n a ly s is . T y p ic a l  
b ra n c h e d  m a c h in e ry  a rra n g e m e n ts  m a y  re q u ire  a n a ly s is  o f  
sy ste m s h a v in g  u p  to  100 in e r t ia s . S im ila r ly ,  in  p ra c t ic e , a  co m p le te  
s o lu t io n  w a s  n o t  n e c e ssa ry  s in c e  it  w a s  n o rm a lly  su ff ic ie n t to  
o b ta in  fre q u e n c ie s  a n d  m o d e s  in  a  l im ite d  fre q u e n c y  ran g e , 
d e te rm in e d  o n  th e  b a s is  o f  s h a ft  speeds a n d  th e  h ig h e st l ik e ly  
o rd e rs  o f  h a rm o n ic  e x c ita t io n . T h u s  th e  fu l l  m a t r ix  a r r a y , t y p i
fy in g  p ra c t ic a l re q u ire m e n ts , w a s  b o th  la b o r io u s  to  set u p  an d  
u n e c o n o m ic a l to  p ro c e ss , u n le s s  so m e  re d u c t io n  p ro c e d u re , 
ta k in g  a c c o u n t  o f  th e  e s s e n t ia lly  t r id ia g o n a l fo rm a t  o f  th e  p ro b le m  
w a s  re so rte d  to . T h e  re q u ire m e n t f o r  e v a lu a t io n  o f  m o d e s in  a 
lim ite d  fre q u e n c y  ra n g e  a ls o  a p p e a re d  to  c re a te  p ro b le m s  in  th e  
m a t r ix  s o lu t io n  te c h n iq u e . S c a n n in g  a n d  it e ra t iv e  p ro ce sse s  w o u ld  
seem  to  be  n e c e s s a ry , to g e th e r w ith  in f a l l ib le  m e a n s  f o r  id e n t i
f ic a t io n  o f  m o d e s  in  se q u e n ce , to  e n su re  th a t  n o n e  w it h in  th e  
ra n g e  h a d  b een  o v e r lo o k e d .

T h e  p o in t  o f  th e se  re m a rk s  w a s  th a t  th e  m a t r ix  a p p ro a c h  to  
to rs io n a l f re q u e n c y  a n a ly s is  a p p a re n t ly  su ffe re d  f ro m  a s  m a n y  
p ro b le m s  a s  w e re  e x p e rie n c e d  in  o th e r  m e th o d s , su c h  a s  th e  
c o n v e n t io n a l H o lz e r  p ro c e ss . T h e  la t te r  m e th o d , e ve n  in  its  
a cce p te d  fo rm , w a s  a n  e ffe c t iv e  to o l f o r  b ra n c h e d  sy s te m  fre q u e n 
c y  a n a ly s is , p a r t ic u la r ly  w h e n  m e an s  w e re  d e v ise d  fo i o v e rc o m in g  
a u to m a t ic a l ly  th e  ir r it a t in g  a p p e a ra n c e  o f  a s y m p to t ic  c o n d it io n s  
in  th e  residual torques, T h e  computer capability at th e  contri

b u to r ’s S o c ie ty  fo r  ro u t in e  b ra n c h  sy s te m  a n a ly s is  w a s , in  fa c t  
based  o n  th e  H o lz e r  c o n c e p t w ith  m a n y  m o d if ic a t io n s , in c lu d in g  
th e  c o m p le te  e lim in a t io n  o f  th e  re s id u a l to rq u e  a sy m p to te  
p ro b le m . T h e  in i t ia l  a d o p t io n  o f  th e  H o lz e r  a p p ro a c h  w a s  la rg e ly  
in f lu e n c e d  b y  th e  fa c t  th a t  th is  m e th o d  fit te d  in  so  w e ll w ith  th e  
o th e r  asp e c ts  o f  o v e ra ll to rs io n a l v ib ra t io n  a n a ly s is  a n d  to  p ro v id e  
c o n t in u it y  w ith  p re -c o m p u te r  d a y s . A s  a  ro u t in e  c o m p u t in g  to o l 
th is  f a c i l i t y  h a d  g ive n  s a t is fa c to ry  s e rv ic e  o v e r  th e  p a st tw e lv e  
y e a r s ;  in  th e  v e ry  ra re  e ve n t o f  it s  f a i lu r e , it  w a s  a lw a y s  p o ss ib le  
to  o b ta in  th e  “ fa i le d ”  m o d e s  b y  re -a rra n g e m e n t o f  th e  b ra n c h e s .

In  s u m m a ry , th e  a u th o rs  h a d  p ro d u c e d  a  v a lu a b le  c o n t r ib u 
t io n  to  th e  u n d e rs ta n d in g  o f  to rs io n a l v ib ra t io n  th e o ry , ra is in g  
m a n y  in t r ig u in g  to p ic s . T h e ir  in t ro d u c to ry  in te n t io n s  h a d  been 
la rg e ly  fu lf i l le d , e ve n  th o u g h  th e y  h a d  o m itte d  to  m e n t io n “ n e ste d ”  
b ra n c h  sy ste m s an d  th e  g e n e ra lize d  “ lo o p ”  c o n f ig u ra t io n — a fte r  
a l l ,  th ese  a re  e n c o u n te re d  o n ly  o n ce  in  a  li fe t im e . A l l  th in g s  
c o n s id e re d , it  w o u ld  be  less th a n  c h a r it a b le  to  sugg est th a t  th e ir  
c o n c lu d in g  c la im s  w e re  s l ig h t ly  o v e r - o p t im is t ic .

M r .  C .  G r a y  w ro te  th a t  th e  in c re a s e  in  c o m p le x ity  o f  m a r in e  
d ie se l p ro p u ls io n  u n its  a n d  o th e r  d ie se l-p o w e re d  m a c h in e ry  
in s ta l la t io n s  d u r in g  recen t y e a rs  h a d  led  to  th e  d e ve lo p m e n t o f  
im p ro v e d  m e th o d s  fo r  c a lc u la t in g  to rs io n a l v ib r a t io n . T h e s e  h a d  
been  m a in ly  fo r  f in a l c h e c k  c a lc u la t io n s  o f  a  p ro p o se d  a r ra n g e 
m e n t o f  e n g in e s , d a m p e rs , c o u p lin g s , g e a rs , s h a ft in g  an d  o th e r 
c o m p o n e n ts . T h e  p re se n t p a p e r , o n  th e  o th e r  h a n d , d e sc r ib e d  a  
c o m b in e d -sy s te m  a n a ly s is  w h ic h  s h o u ld  e n a b le  th e  d e s ig n e r to  
m a k e  a n  im p ro v e d  in i t ia l  se le c t io n  o f  s u ita b le  c o m p o n e n ts , an d  
th e  c o n t r ib u to r  w a s  su re  d e s ig n e rs  o f  m a r in e  m a c h in e ry  e sp e c ia lly  
w o u ld  w e lco m e  th is  k in d  o f  a p p ro a c h .

R e c e n t  w o rk  a t  B I C E R I  o n  c o m p u te r  p ro g ra m s  fo r  to rs io n a l 
v ib ra t io n  c a lc u la t io n s  h a d  been d e sc r ib e d  in  R e fe re n c e  (1 ) . T h e  
c o m p u ta t io n a l te c h n iq u e s  u sed  in  th e se  p ro g ra m s  d if fe r  fro m  th o se  
o f  th e  p a p e r in  a  m a jo r  re sp e c t , n a m e ly  th a t  th e y  e lim in a te d  a ll 
la rg e  m a tr ic e s  b y  e v a lu a t in g  th e  o v e ra ll c h a ra c te r is t ic s  o f  th e  
in d iv id u a l b ra n c h e s  s e p a ra te ly , th e n  c o m b in in g  th e m  in  th e  fo rm  
o f  a  c o n n e x io n  m a t r ix , th e  s ize  o f  w h ic h  d epen ded  o n  th e  n u m b e r 
o f  b ra n c h e s  in s te a d  o f  th e  n u m b e r  o f  m a sse s .

I n  th e  e a r ly  stag es o f  d e s ig n  c a lc u la t io n s  so m e  lu m p in g  to 
g e th e r o f  a d ja c e n t  m asse s  w a s  a c c e p ta b le , w h e re a s  fo r  f in a l 
c a lc u la t io n s  it  w a s  d e s ira b le  to  in c lu d e  a l l  th e  m asse s  s e p a ra te ly . 
C o u ld  th e  a u th o rs ’ m e th o d s  be  e x te n d e d  to  sy s te m s w ith  m a n y  
m asse s , o r  w a s  th e re  a  p ra c t ic a l l im it  ?

T h e  a u th o rs  u sed  th e  te rm  “ n a tu ra l f re q u e n c y  o f  a  b ra n c h ”  
to  d e sc r ib e  th e  fre q u e n c y  a t  w h ic h  a n  in d iv id u a l b ra n c h  w a s  in  
re so n a n c e  w ith  th e  b ra n c h  p o in t  c la m p e d . M r .  G r a y  b e lie ve d  th e  
m e a n in g  w o u ld  be m o re  r e a d ily  u n d e rs to o d  i f  th is  w a s  c a lle d  th e  
“ a n t i- re s o n a n t”  f re q u e n c y  o f  th e  b ra n c h , s in c e  th is  te rm  w a s  w e ll 
k n o w n  in  c o n n e x io n  w ith  d y n a m ic  v ib r a t io n  a b so rb e rs .

r e f e r e n c e

1) G r a y ,  C .  an d  E d w a r d s ,  A .  J .  M a y  1 974 , “ T o r s io n a l 
v ib ra t io n  c a lc u la t io n s  o f  in s ta l la t io n s  w ith  co u p le d  
m u lt ip le  e n g in e s .”  Diesel Engineers and Users Assoc
iation p u b lic a t io n  N o . 36 1 .

M r . R .  H .  S a l z m a n  s ta te d  D r .  D a w s o n  a n d  M r .  S id w e ll h ad  
s k i l f u l ly  p re se n te d  a  d e ta ile d  a c c o u n t  o f  th e  to rs io n a l v ib r a to r y  
c h a ra c te r is t ic s  o f  b ra n c h e d  sy s te m s w h ic h  sh o u ld  be o f  s ig n if ic a n t  
v a lu e  to  m a r in e  d e s ig n e rs  a n d  se rv e  a s  a  g u id e  in  th e  d e te r
m in a t io n  o f  n a tu ra l fre q u e n c ie s  u s in g  h a n d  c a lc u la t io n s .

T h e  a u th o rs  h a d  m e n tio n e d  th a t  fo r  tu n e d  sy s te m s  w ith  th re e  
o r  m o re  b ra n c h e s , n u m e r ic a l d if f ic u lt ie s  m a y  be e n c o u n te re d  in  
th e  fre q u e n c y  a n a ly s is  w h e n  c e r ta in  d ig ita l te c h n iq u e s  w e re  u se d . 
T h e  Ja c o b i ro ta t io n  m e th o d  w a s  a  p ro c e d u re  th a t  th e  c o n t r ib u to r  
h ad  su c c e s s fu lly  e m p lo y e d  in  a n a ly z in g  s u c h  sy s te m s . I n  o rd e r  to  
u se  th e  J a c o b i te c h n iq u e  e q u a t io n  (1 )  m u st be  t ra n s fo rm e d  in to  
th e  fo llo w in g  s y m m e tr ic  f o r m :

( C )  (  Y) =  <o 2 ( Y) w h e re  

( C )  =  (1 I V B )  (A) ( I /V B )  a n d  ( X )  =  W B )  (A ')

I t  w a s  th e  o p in io n  o f  th e  c o n t r ib u to r  th a t  th e  c o n ce p t o f  
tu n in g  d e sc r ib e d  in  th e  p a p e r m a y  be so m e w h a t o b sc u re  to  the  
re a d e r . F o r  e x a m p le , th e  a n a ly s is  o f  sy s te m  I I  g ive n  in  s e c t io n  2 .2  
in d ic a te d  th a t  fo r , th e  tu n e d  m o d e s , th o se  b ra n c h e s  h a v in g  
f re q u e n c ie s  o f  2 0 , 5 0 , o r  7 0  ra d /s  w o u ld  re s o n a te  w ith  th e  re m a in 
in g  b ra n c h e s  tu n e d -o u t . I n  p ra c t ic e , s u c h  v ib ra t io n  c o u ld  o n ly
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o c c u r  i f  th e  tu n e d  b ra n c h e s  h a d  s t im u la t io n  to rq u e s  d ire c t ly  a p 
p lie d  to  th e m . In  g e a re d - tu rb in e  sy s te m s  (1) tu n e d  v ib ra t io n s  ra re ly  
o c c u r  s in c e  th e  tu n e d  b ra n c h e s  u s u a l ly  h a v e  n o  so u rc e s  o f  
e x c it a t io n . H o w e v e r , in  s y m m e tr ic  d ie se l p ro p u ls io n  sy s te m s  tu n ed  
m o d e s  o f  v ib r a t io n  m a y  o c c u r  i f  th e  e n g in e s  f ire  o u t-o f-p h a se  
w ith  o n e  a n o th e r .

T h e  g e n e ra l th e o ry  in  th e  p a p e r h ad  b ro u g h t to  M r .S a lz m a n ’s 
m in d  a  u se fu l te c h n iq u e  e m p lo y e d  in  th e  fre q u e n c y  a n a ly s is  o f  
la rg e  s y m m e tr ic  sy s te m s . T h e  p ro c e d u re  in v o lv e d  u s in g  d y n a m ic 
a l ly  e q u iv a le n t  in - l in e  m a ss -e la s t ic  m o d e ls  to  d e te rm in e  th e  tu n e d  
a n d  u n tu n e d  n a tu ra l fre q u e n c ie s  o f  th e  a c tu a l sy s te m . T h e  tu ned  
m o d e s m a y  be fo u n d  f ro m  a  fre q u e n c y  a n a ly s is  o f  o n e  o f  th e  tu ned  
b ra n c h e s  o f  th e  o v e ra ll  sy s te m  w ith  a  “ d u m m y ”  in e r t ia  p la c e d  a t 
th e  b ra n c h  p o in t w h o se  v a lu e  s h o u ld  be su ff ic ie n t  to  c re a te  a  n o d e  
a t  th a t p o in t  (a b o u t  te n  t im e s  in d iv id u a l b ra n c h  in e r t ia s ) . T h e  
u n tu n e d  re so n a n t fre q u e n c ie s  m a y  be d e te rm in e d  b y  a n a ly z in g  an  
e q u iv a le n t  sy s te m  c o n s is t in g  o f  " u n tu n e d ”  an d  “ tu n e d ”  se c t io n s . 
T h e  “ u n tu n e d ”  p o r t io n  w a s  s im p ly  th e  u n tu n e d  b ra n c h  o f  the  
a c tu a l s y s te m . T h e  “ tu n e d ”  p o r t io n  w a s  co m p o se d  o f  th e  fo llo w 
in g  tra n s fo rm e d  m a ss  in e r t ia s  / ' j  a n d  to r s io n a l s t iffn e sse s  K'\ 
d e r iv e d  f ro m  th e  a c tu a l s y s te m  o f  n tu n e d  b ra n c h e s  w it h  m in e r t ia l 
m asse s  I\ a n d  m — 1 to r s io n a l s t iffn e sse s  K\ p e r b r a n c h :

If  =  n /j fo r  j  =  1, m 
K{ =  nki f o r  i  =  1,  m — 1

A  c o n s id e ra b le  re d u c t io n  in  c o m p u t in g  t im e  m a y  be re a liz e d  
i f  th e  a b o v e  te c h n iq u e  w a s  u t il iz e d  in lieu o f  p e r fo rm in g  a n  o v e ra ll 
a n a ly s is  o f  th e  a c tu a l sy s te m .

P r o f e s s o r  B . D o w n s  w ro te , s a y in g  th e  a u th o rs  h a d  e ffe c t
iv e ly  u se d  th e ir  s y n th e s is  te c h n iq u e  to  e s ta b lish  sy s te m s w h o se  
a n a ly s is  m ad e  a  v a lu a b le  c o n t r ib u t io n  to  th e  d e s ig n e r ’s a p p re c i
a t io n  o f  th e  v ib ra t io n a l b e h a v io u r  o f  c o m p le x  sy s te m s . T h e  u se  o f  
m a t r ix  n o ta t io n  a n d  c o m p u te r  l ib r a r y  su ite s  o f  e ig e n v a lu e  ro u t in e s  
sh o u ld  p re se n t n o  p ro b le m s  to  th e  y o u n g e r  g e n e ra t io n  o f  e n g in 
e e rs  b u t  su ffe re d  th e  d is a d v a n ta g e s  o f  o p e ra t in g  in  a  m a th 
e m a t ic a l d o m a in  w h ic h  c o n v e y s  l it t le  a p p re c ia t io n  o f  th e  p h y s ic a l 
s i tu a t io n . T h e  c o m m e n ts  o f  L a g ra n g e  o n  h is  m e th o d  o f  w r it in g  
e q u a t io n s  o f  m o t io n  b a se d  o n  e n e rg y  c o n c e p ts  c a m e  to  m in d  “ T h e  
m e th o d s  w h ic h  T p re se n t h e re  re q u ire  n e ith e r  c o n s t ru c t io n s  n o r 
re a so n in g  o f  g e o m e tr ic a l o r  m e c h a n ic a l n a tu re , b u t  o n ly  a lg e b ra ic  
o p e ra t io n s  p ro c e e d in g  a f te r  a  re g u la r  a n d  u n ifo r m  p la n . T h o s e  
w h o  lo v e  a n a ly s is  w i l l  v ie w  w ith  p le a su re  m e c h a n ic s  b e ing  m ad e  a  
b ra n c h  o f  i t  a n d  w i l l  b e  g ra te fu l to  m e  f o r  h a v in g  th u s  e x te n d e d  it s  
d o m a in ” .

S im p le  p h y s ic a l re a s o n in g  w o u ld  le a d  to  so m e  o f  th e  a u th o rs ’ 
f in d in g s  a n d  p e rh a p s  sh e d  a  l i t t le  m o re  lig h t  o n  th e  p ro b le m  fo r  
th e  m o re  in t u it iv e  d e s ig n e r , M e c h a n ic a l v ib ra t io n  m u st a lw a y s  
in v o lv e  m o t io n  in  w h ic h  o n e  p a r t  o f  a  sy s te m  v ib ra te s  a g a in s t 
a n o th e r  p a r t  o r  th e  sa m e  sy s te m . I n  th is  m o t io n , th e  b a la n c e d  
in e r t ia  fo rc e s  o r  to rq u e s  w e re  t ra n s m it te d  th ro u g h  th e  s tre s s in g  o f  
th e  in te rv e n in g  m a te r ia l. I n  th e  c a se  o f  a  s in g le  b ra n c h  p o in t  sy ste m  
w ith  n b ra n c h e s  e a ch  h a v in g  a  b ra n c h  p o in t  c la m p e d  fre q u e n c y  o f  
ojn, th e  f ir s t  o f  th e se  n b ra n c h e s  o s c i l la t in g  a t  f re q u e n c y  « n a n d  
a m p litu d e  A] m a y  o s c i l la te  a g a in s t  th e  se co n d  b ra n c h  w ith  
a m p litu d e  A2 (c o u n te rp h a s e ) in  a  b a la n c e d  to rq u e  s itu a t io n  in  
w h ic h  th e  b ra n c h  p o in t  w a s  n o d a l a n d  th e  re m a in d e r  o f  th e  sy ste m  
w a s  a t  re s t . T h is  w a s  th e  f ir s t  o f  th e  m u lt ip le  “ tu n in g  f o r k ”  
fre q u e n c ie s  a n d  A\ a n d  A2 m a y  b o th  be  m u lt ip lie d  b y  a n y  s c a la r  
M. T h e  re m a in d e r  o f  th e  (n I )  tu n in g  f o r k  fre q u e n c ie s  m a y  be 
re g a rd e d  a s  b ra n c h  1 w it h  a m p litu d e  A i v ib r a t in g  a g a in s t  
b ra n c h e s  3 to  n w ith  a m p litu d e s  A 3 to  A n. C o m b in a t io n s  o f  these 
m o d e s m a y  e x is t  s im u lta n e o u s ly  w ith  a r b it r a r y  s c a le r  m u lt ip lie r s .

e .g . m o d e  l x  M i
g a ve  a m p litu d e  M l x A l  o n  b ra n c h  1 a n d  M l xA 2  ( c .p .)  
o n  b ra n c h  2

m o d e  2 x  ( - M i )
g a ve  a m p litu d e  - M l  X A 1 o n  b ra n c h  1 a n d  —M l x A 3

(c .p . )  o n  b ra n c h  2  su p e r im p o s e d  g a ve  M l x A 2 ( c .p . )  on  
b ra n c h  2 a n d  M l x A 3 o n  b ra n c h  3 , w h ils t  b r a n c h  1 w a s  
s ta t io n a ry . T h e  v ib ra t io n  o f  b ra n c h  2 a g a in s t  b ra n c h  3 w a s  
th e re fo re  n o t  in d e p e n d e n t o f  th e  (n— 1)  m o d e s  a t  th e  
re p e a te d  fre q u e n c y  wnw h ic h  in v o lv e d  m o t io n  o f  b ra n c h  1.

I n  a  tw o  b ra n c h  p o in t  sy s te m  v ib ra t io n  o f  a  l im b  a tta c h e d  to  
th e  L . H .  b ra n c h  p o in t  a g a in s t  a  l im b  a tta c h e d  to  th e  R .H .  b ra n c h  
p o in t  re q u ire s  to rq u e  t ra n s m is s io n  th ro u g h  th e  l in k  an d  th e  b ra n c h  
p o in ts  w e re  n o  lo n g e r n o d a l so  th a t  tu n in g  fo r k  fre q u e n c ie s  o f  th is  
ty p e  d id  n o t o c c u r .

T u n in g  fo r k  fre q u e n c ie s  w o u ld  a r is e  in  a  m u lt i- l in k  tw o  
b ra n c h  sy s te m  w h e n  o n e  o r  m o re  o f  th e  l in k s  h a d  e q u a l n a tu ra l 
fre q u e n c ie s  w h e n  b o th  b ra n c h  p o in ts  w e re  c la m p e d . T h e  l in k  a rm s  
d id  n o t need  to  be id e n t ic a l , a s  th e  a u th o rs  su g g ested . A n t i- p h a s e  
v ib ra t io n  o f  tw o  l in k s  w o u ld  o c c u r  w ith  th e  b ra n c h  p o in ts  n o d a l 
a n d  th e  re m a in d e r  o f  th e  sy s te m  s t a t io n a ry . A g a in , th e re  w o u ld  be 
(n— 1)  m o d e s  f o r  n l in k s  h a v in g  th e  sa m e  d o u b le  c la m p e d  
fre q u e n c ie s  a n d  th e se  m o d e s m ig h t  o c c u r  s im u lta n e o u s ly  in  
v a r y in g  a m p litu d e  c o m b in a t io n s  a s  d e sc r ib e d  e a r l ie r  fo r  th e  a rm s  
o f  a  s in g le  b ra n c h e d  sy s te m .

M r .  J .  R j c e  sa id  th a t  w o rk in g  f o r  a n  e n g in e  b u ild e r , h e  
w e lco m e d  th e  p a p e r in  w h ic h  th e  o c c u rre n c e  o f  th e  n a tu ra l 
f ie q u e n c ie s  o f  b ra n c h e d  sy s te m s  h a d  been  fo rm a liz e d . T h e  
te c h n iq u e  w a s  to  so m e  e x te n t u se d  b y  h is  c o m p a n y  a s  fo r  in s ta n c e  
in  th e  ju d g in g  th e  11 a n d  I I I  n o d e  fre q u e n c ie s  w h ic h  o c c u rre d  w h en  
a  tu n ed  d a m p e r  w a s  f it te d  to  re d u c e  I I  n o d e  re so n a n c e  p e a k s  in  
s im p le  e n g in e  sy s te m s . W it h  th e  p o s s ib il it y  o f  b u ild in g  m u lt i
en g in e d  g eared  in s ta l la t io n s  it  w a s  fe lt  th a t th e  m o re  fo rm a liz e d  
a p p ro a c h  w o u ld  be  o f  c o n s id e ra b le  a s s is ta n c e .

T h e  fo llo w in g  p ra c t ic a l e x a m p le  m a y  b e  o f  in te re s t . A  re ce n t 
ca se  o f  g o v e rn o r  m a lfu n c t io n  w a s  e v e n tu a lly  tra c e d  to  re so n a n c e  
in  th e  c a m s h a ft  o f  th e  b ra n c h e d  sy s te m  sh o w n  in  F ig .  7 . T a b le  V  
s h o w s  th e  lo w e r  n a tu ra l f re q u e n c ie s  o f  th e  c h a in  d r iv e / c a m s h a ft  
b r a n c h , c ra n k s h a f t  a n d  lin e  s h a ft in g  a n d  th e  c o m p le te  sy s te m .

I t  w o u ld  h a v e  b e e n  o f  v a lu e  b o th  f o r  p re d ic t io n  p u rp o se s  a n d  
c h e c k in g  to  h a v e  h a d  a  k n o w le d g e  o f  th e  in te r la c in g  o f  th e  
fre q u e n c ie s  a s  p re se n te d  b y  th e  a u th o rs  in  th e ir  p a p e r .

F i g . 7
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T u r n in g  n o w  to  th e  p re d ic t io n s  f o r  sy s te m  I V  in  th e  f ig u re , 
th e  c o n t r ib u to r  w o u ld  b e  p le a se d  to  h a v e  th e  fo llo w in g  p o in t  
c la r if ie d . A lth o u g h  th e  lo g ic  le a d in g  to  th e  im p ro v e d  p re d ic t io n s  
w a s  in  o rd e r , th e se  im p ro v e d  p re d ic t io n s  seem ed  to  be  m a tc h e d  b y
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D r .  B .  D a w s o n  a n d  M r . J .  S id w e ll w ro te  in  re p ly  th a t  th e y  
w ish e d  to  th a n k  a l l th e  c o n t r ib u to rs  fo r  th e ir  in te re s t in g  co m m e n ts  
a n d  a d d it io n a l o b se rv a t io n s  re g a rd in g  th e  v ib ra t io n a l c h a ra c te r 
is t ic s  o f  b ra n ch e d  sy s te m s .

M r .  D .  H .  L .  In n s  b ro u g h t o u t v e ry  c le a r ly  th e  tw o  a sp e c ts  o f  
v ib ra t io n  a n a ly s is  re q u ire d  fo r  a  c o m p le te  s tu d y  o f  th e  v ib ra t io n a l 
p ro b le m  n a m e ly :

i )  a  n a tu r a l fre q u e n c y  a n a ly s is ;
i i )  a  fo rc e d  re p o n se  a n a ly s is .

A s  so  a b ly  p o in te d  o u t , th e  s ig n if ic a n c e  o f  re s o n a n t  c r it ic a ls  
w a s  d ep en d en t on  th e  l ik e lih o o d  o f  th e  a s so c ia te d  m o d es o f  
v ib ra t io n  b e ing  e xc ite d  b y  p re d ic ta b le  so u rce s  o f  v ib ra to ry  to rq u e  
a n d  th e  re la t iv e  se v e r it ie s . T h e  sa m e  p o in t  w a s  m a d e  b y  
M r .  S a lz m a n , w h o  p o in te d  o u t th a t  u n le ss  a  s t im u la t io n  to rq u e  
w a s  p re se n t th e  tu n e d  m o d e s w o u ld  n o t  in  fa c t  re so n a te . T h u s  fo r  
a  co m p le te  u n d e rs ta n d in g  o f  th e  to rs io n a l v ib ra t io n a l p ro p e rt ie s  o f  
a  c o m p le x  sy s te m , b o th  a  fre e  a n d  fo rce d  v ib ra t io n  a n a ly s is  w a s  
d e s ira b le , a n d  th e  a u th o rs  a c k n o w le d g e d  th a t in  v ie w  o f  th is  th e y  
w e re  a  li t t le  o v e r  e n th u s ia s t ic  in  th e  c o n c lu d in g  sen ten ce  o f  th e ir  
c o n c lu s io n s .

T h e  a u th o rs  ag reed  c o m p le te ly  w ith  M r .  I n n s ’ re m a rk s  
c o n c e rn in g  the  u se  o f  th e  te rm  “ a n t i- re s o n a n t”  f re q u e n c y . T h e y  
a p p re c ia te d , h o w e v e r , th a t  th is  te rm  h a d  f re q u e n t ly  been  used  in  
p re v io u s  lite ra tu re  in  c o n n e x io n  w ith  b ra n c h e d  sy s te m s , a n d  th a t 
so m e  e n g in e e rs  w o u ld  re c o m m e n d  th e  u se  o f  th is  te rm . In d e e d , 
M r .  C .  G r a y  h a d  m a d e  th e  c o m m e n t th a t  h e  w o u ld  h a v e  p re fe rre d  
th e  a u th o rs  to  h a v e  used  th e  te rm  in  the  p a p e r . A ls o  in  re p ly  to  
M r .  In n s ,  w h ils t  i t  w a s  t ru e  th a t  th e  a u th o rs  h a d  d w e lt  u p o n  
th e  d e te rm in a t io n  o f  th e  c la m p e d  b ra n c h  fre q u e n c ie s  in  o rd e r  
to  p re se n t the  th e o ry  o f  e ig e n v a lu e  d is t r ib u t io n , th e y  a lso  c o n 
s id e re d  th a t  i t  w o u ld  be  a d v a n ta g e o u s  to  w o rk  o u t th e  se p a ra te  
b ra n c h  fre q u e n c ie s . T h i s :

a )  w o u ld  in d ic a te  th e  l im it s  fo r  th e  fre q u e n c ie s  o f  the  
co m p le te  sy s te m  in  te rm s  o f  th e  se p a ra te  b ra n c h  f re 
q u e n c ie s  a n d  h e n ce  h e lp  to  id e n t ify  se a rc h  ra n g e s , 
a s su m in g  a  se a rc h  te ch n iq u e  w a s  b e in g  u t i l iz e d ;

b ) i t  w o u ld  g iv e  th e  d e s ig n e r a n  a p p re c ia t io n  o f  h o w  
a lte ra t io n  o f  p a r t ic u la r  b ra n c h  co m p o n e n ts  a ffe c te d  th e  
o v e ra ll sy s te m  fre q u e n c ie s .

T h is  lin e  o f  re a so n in g  w a s  su p p o rte d  b y  th e  c o n t r ib u t io n  
f ro m  M r . J .  R ic e  w h o  co n s id e re d  it  w o u ld  h a ve  been  o f  v a lu e  b o th  
fo r  p re d ic t io n  a n d  c h e c k in g  p u rp o se s  to  h a v e  h a d  a  k n o w le d g e  o f  
th e  in te r la c in g  o f  b ra n c h  fre q u e n c ie s  w h e n  d e a lin g  w ith  the  
p ra c t ic a l e x a m p le  h e  p resen ted  o f  a  g o v e rn o r  m a lfu n c t io n .

B o th  M r . In n s  a n d  M r .  R .  H .  S a lz m a n  h a d  re fe rre d  to  th e  
u se  o f  a  d y n a m ic a lly  e q u iv a le n t  m o d e l w h e n  d e a lin g  w ith  
s y m m e tr ic a l sy s te m s a n d  n a tu r a l ly  th e  a u th o rs  re co m m e n d e d  th is  
m e th o d  s in c e  it  d id  re d u ce  c o n s id e ra b ly  th e  a m o u n t o f  c o m p u t
a t io n a l t im e  re q u ire d  to  s o lv e  a  p ro b le m . I n  g e n e ra l, h o w e v e r 
w h en  d e a lin g  w ith  s y m m e tr ic a l sy s te m s the  a u th o rs  re co m m e n d e d  
th a t a s  w e ll a s  c re a t in g  a  d u m m y  in e r t ia  a t the  b ra n c h  p o in t  o f  the 
tu n e d  b ra n c h e s , th e  sam e  p ro c e d u re  sh o u ld  be fo llo w e d  fo r  the 
“ u n tu n e d ”  b ra n c h e s . T h e  to ta l se t o f  tu n e d  a n d  u n tu n e d  b ra n c h  
fre q u e n c ie s  o b ta in e d  w o u ld  im m e d ia te ly  in d ic a te  th e  b o u n d s  o n  
a l l th e  e ig e n va lu e s  o f  th e  c o m p le te  sy s te m  th u s  h e lp in g  b o th  fo r  
p re d ic t io n  a n d  c h e c k in g  p u rp o se s .

I n  re g a rd  to  M r .  In n s ’ p o in t  re g a rd in g  th e  n u m e r ic a l 
a c c u ra c y  o f  th e  sy n th e s is  p ro c e d u re  th e  In e r t ia  an d  S t iffn e ss  
v a lu e s  w e re  sy n th e s ize d  a n d  th e  v a lu e s  p ro d u c e d  to  th e  a c c u ra c y  
o f  th e  c o m p u te r . T h is  d eg ree  o f  a c c u ra c y  w a s  re q u ire d  in  o rd e r  to 
g e n e ra te  p a r t ic u la r  id e n t ic a l fre q u e n c ie s  fo r  th e  d if fe re n t b ra n c h

a n  e q u a l n u m b e r o f  p o o re r  p re d ic t io n s . T h u s ,  re fe r r in g  to  th e  tw o  
p re d ic t io n s , a lth o u g h  X 's is  v e ry  m u c h  im p ro v e d  th e  p re d ic t io n  fo r  
V q h a d  ch an g ed  f ro m  2 0 < X '9 < 3 0  to  2 0 < X '9^ 5 0 . W e re  th e  best 
o f  b o th  se ts o f  p re d ic t io n s  to  be  u se d  ?

sy s te m s , so  th a t  th e  p re d ic t io n s  o f  th e  th e o ry  f o r  id e n t ic a l 
e ig e n va lu e s  c o u ld  be  il lu s t ra te d .

M o s t  o f  th e  c o n t r ib u to rs  h a d  m a d e  co m m e n ts  o n  the  m a t r ix  
m e th o d  o f  s o lu t io n  u se d  in  th e  p a p e r . P e rh a p s  a  fe w  co m m e n ts  on  
th is  a sp e c t o f  th e  p a p e r m a y  be p e r t in e n t a lth o u g h  th e  c h o ic e  o f  
m e th o d  h a d  lit t le  re le v a n c e  to  th e  a im s  a n d  o b je c t iv e  o f  th e  p a p e r.

T h e  m a t r ix  a p p ro a c h  a d o p te d  fo r  s o lu t io n  o f  th e  e xa m p le s  
h a d  o n e  g re a t v ir tu e , n a m e ly  th a t  it  w a s  e x t re m e ly  s im p le  to  
p ro g ra m  e ve n  fo r  th e  m o st c o m p le x  b ra n c h e d  sy s te m s . A l l  th a t  w a s  
re q u ire d  f ro m  th e  u se r w a s  th e  se tt in g  u p  o f  a  s t iffn e ss  a n d  m a ss  
m a t r ix  a n d  ro u t in e  l ib r a r y  p ro g ra m s  m a y  th e n  be u se d  fo r  th e  
e ig e n va lu e  a n d  e ig e n v e c to r s o lu t io n s . N o  se a rc h  p ro b le m s  w e re  
e n co u n te re d  a n d  m u lt ip le  a n d  p a th o lo g ic a l ly  c lo se  e ig e n va lu e s  
p resen ted  n o  p ro b le m s . N a t u r a l ly  l ik e  m o s t n u m e r ic a l p ro 
ce d u re s n u m e r ic a l d if f ic u lt ie s  m a y  b e  e n co u n te re d  fo r  p a r t ic u la r  
sets o f  d a ta  a lth o u g h  th ese  d if f ic u lt ie s  m a y  be o v e rc o m e  b y  th e  use 
o f  sp e c ia l te ch n iq u e s  su c h  as  th e  o n e  in d ic a te d  b y  M r .  S a lz m a n . 
T h e  a u th o rs , h o w e v e r , a c k n o w le d g e d  th a t the  m a t r ix  e ig e n va lu e  
m e th o d  used  in  th e  p a p e r  d id  h a v e  l im it a t io n s , p a r t ic u la r ly :

1)  in  re la t io n  to  th e  s ize  o f  c o m p u te r  re q u ire d  f o r  syste m s 
w ith  a  la rg e  n u m b e r o f  in e r t ia s  ( f o r  m a r in e  sy s te m s th e  
n u m b e r o f  in e rt ia s  m ig h t b e  w e ll o v e r  100) ;

2)  in  re sp e c t to  th e  d e te rm in a t io n  o f  o n ly  a  fe w  se lect 
fre q u e n c ie s  w ith in  a  sp e c if ie d  fre q u e n c y  r a n g e ;

3 ) as  e xp re sse d  so  e lo q u e n t ly  b y  P ro fe s s o r  B .  D o w n s  
“ o p e ra tin g  in  a  m a th e m a t ic a l d o m a in  w h ic h  c o n v e y s  
l i t t le  a p p re c ia t io n  o f  th e  p h y s ic a l s i tu a t io n ” .

T h e  p a r t ic u la r  c h o ic e  o f  m e th o d  o f  s o lu t io n  d ep en d ed  o n  a  
n u m b e r o f  fa c to rs  a n d  e a ch  c o m p a n y  w o u ld  n o rm a l ly  h a v e  a  
fa v o u r ite  m e th o d , the  c h o ic e  o f  w h ic h  m a y  h a v e  been  d ic ta te d  b y  
p re v io u s  h is to r y , o r  s ize  o f  a v a ila b le  c o m p u te r , o r  in d e e d  it  m a y  
h a v e  been  a  p u re ly  a r b it r a r y  d e c is io n . I t  w a s  h o w e v e r , o b v io u s  
th a t  i f  o n ly  a  s m a ll s to re  d ig ita l c o m p u te r  w a s  a v a ila b le  a  m a t r ix  
e ig e n v a lu e  so lu t io n  w o u ld  n o t  be  a  fe a s ib le  m e th o d  fo r  th e  s o l
u t io n  o f  a  la rg e  o rd e r  sy s te m . I n  th is  c a se  th e  H o lz e r  m e th o d  o r  
m a t r ix  t ra n s fe r  m e th o d  a s  d e sc r ib e d  b y  M r .  G r a y  w e re  s u ita b le  
a lte rn a t iv e  p ro ce d u re s .

R e tu r n in g  to  P ro fe s s o r  D o w n s ’ co m m e n ts  o n  p h y s ic a l 
re a so n in g  th e  a u th o rs  fe lt  th a t  h e  h a d  h ig h lig h te d  a  v e ry  
im p o rta n t  p o in t , a n d  fo u n d  h is  in tu it iv e  re a so n in g  re g a rd in g  the 
v a r io u s  sy s te m s in te re s t in g  a n d  i l lu m in a t in g . I t  w a s  ag reed  c o m p 
le te ly  th a t  p h y s ic a l re a so n in g  s h o u ld  a lw a y s  b e  u se d  in  th e  
e n g in e e r in g  f ie ld  to g e th e r w ith  a  m a th e m a t ic a l a p p ro a c h , s in c e  it  
w o u ld  so m e tim e s  sh ed  a  li t t le  m o re  lig h t  o n  th e  p ro b le m  th a n  
d ire c t ly  a p p a re n t f ro m  th e  m a th e m a t ic s . S y s te m  I V  in  th e  p a p e r 
w a s  a  c a se  th a t  il lu s t ra te d  th is  p o in t  q u ite  e f fe c t iv e ly . I t  w a s  c le a r  
f ro m  th e  sy s te m  m a t r ix  th a t  i f  th e  l i n k  a rm s  w e re  id e n t ic a l , 
c a n c e lla t io n  o f  c e r ta in  te rm s  w o u ld  o c c u r  a n d  w o u ld  c a u se  th e  
su b sy s te m  n a tu r a l fre q u e n c y  to  b e co m e  a  sy s te m  n a tu ra l 
f re q u e n c y  (X 'lo — 3 0 ). P ro fe s s o r  D o w n s  q u ite  r ig h t ly  p o in te d  o u t 
b y  p h y s ic a l re a so n in g  th a t th is  w o u ld  a ls o  be th e  c a se  w h e n  the  
l in k  a rm s  w e re  n o t  id e n t ic a l b u t  h a d  o n e  n a tu r a l f re q u e n c y  (w ith  
b o th  b ra n c h  p o in ts  c la m p e d ) in  c o m m o n . T h is  re s u lt  w a s  m o re  
o b scu re  a n d  h e n ce  m o re  d if f ic u lt  to  p re d ic t  in  th e  m a th e m a t ic a l 
a n a ly s is .

T h e  p o in t  re fe rre d  to  b y  M r .  R ic e  re g a rd in g  th e  im p ro v e d  
p re d ic t io n s  (b y  lo g ic a l re a so n in g ) a p p a re n t ly  le a d in g  to  p o o re r  
p re d ic t io n s  f o r  so m e  e ig e n v a lu e s  w a s  a n  in te re s t in g  o b se rv a t io n . 
I n  fa c t  th e  f in a l se t o f  p re d ic t io n s  w e re  a n  im p ro v e m e n t o n  the 
o r ig in a l se t, a n d  th is  m a y  be e x p la in e d  a s  f o l lo w s : th e  f ir s t  p re 
d ic t io n  fo r  sy s te m  I V  g a v e  2 0  <  X' 8 <  30  ; 2 0  ^  X ' 9 <  3 0 ;
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30  <  X '10 <  50  ; 30  ^  X 'n  ^  5 0 . F o r  th e  im p ro v e d  p re d ic t io n s  
th e  a u th o rs  k n e w  th a t  o n e  o f  X 's o r  X '9 h a d  b e co m e  2 0 . T h e  
a u th o rs  d id  n o t k n o w  w h ic h  o n e  so  th e y  c a lle d  it  th e  lo w e s t  X 's . I n  
th is  c a se  X 's an d  X '9 o r ig in a lly  h a d  th e  sa m e  ra n g e  so  th e re  w a s  
n o  d e te r io ra t io n  in  th e  ra n g e  o f  X' 9 so  f a r .  I t  w a s  a ls o  k n o w n  th a t  
o n e  o f  X '9, X 'jo , X 'n  h a d  b e co m e  3 0 . T h e  a u th o rs  d id  n o t  k n o w  
w h ic h  o n e , so  th a t  i f  X ']0 = 3 0  w a s  c h o se n , o n e  o f  th e  re m a in in g  
o n e s  X '9, m u st c o v e r  th e  to ta l o r ig in a l ra n g e  o f  b o th  X' 9 a n d  X ' )0 
i .e . 2 0  <  X ' 9 <  5 0 . T h is  w a s  a n  im p ro v e m e n t o n  th e  o r ig in a l 
p re d ic t io n  s in c e  o n e  v a lu e  w a s  n o w  tie d  d o w n  to  30  w h ile  th e  o th e r

co v e re d  th e  o r ig in a l to ta l ra n g e . O n e  c a n n o t c o m b in e  th e  tw o  
p re d ic t io n s  w ith o u t  k n o w in g  w h ic h  o n e  o f  X'9, X'i0 h a d  ta k e n  th e  
v a lu e  3 0 . S im i la r ly ,  o n e  o f  X'n a n d  X'n w o u ld  ta k e  th e  v a lu e  50  
a n d  a g a in  th e  re m a in in g  o n e  co v e re d  th e  to ta l o r ig in a l ra n g e  o f  
th e  tw o .

I n  c o n c lu s io n , th e  a u th o rs  w o u ld  l ik e  to  s a y  th a t  th e y  fe lt  th e  
v a lu e  o f  th e  p a p e r h a d  been  c o n s id e ra b ly  in c re a s e d  b y  th e  c o n t r i
b u t io n s , e s p e c ia l ly  in  re la t io n  to  it s  v a lu e  to  p ra c t is in g  m a r in e  
e n g in e e rs , a n d  th e y  w o u ld  l ik e  to  e x p re ss  th e ir  g ra t itu d e  to  th e  
c o n t r ib u to r s  fo r  th e ir  in te re s t .

Trans.l.M ar.E., 1974, Vol. 86 249




